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Abstract. Let B be a finite dimensional C*-algebra equipped with its canonical trace in- 
duced by the regular representation of B on itself. In this paper, we study various properties 
of the trace-preserving quantum automorphism group G of B. We prove that the discrete 
dual quantum group G has the property of rapid decay, the reduced von Neumann algebra 
L°°(G) has the Haagerup property and that L°°(G) is (in most cases) a full type IL-factor. 
As applications of these and other results, we deduce the metric approximation property, 
exactness, simplicity and uniqueness of trace for the reduced C*-algebra C r (G), and the 
existence of a multiplier-bounded approximate identity for the convolution algebra L 1 (G). 
We also show that when B is a full matrix algebra, L°°(G) is an index 2 subfactor of the 
reduced von Neumann algebra of a free orthogonal quantum group and thus solid and prime. 



1. Introduction 

Consider a finite set X n consisting of n distinct points. An elementary and well known 
fact from group theory is that the automorphism group of C(X n ), the commutative algebra 
of complex valued functions over X n , is precisely the permutation group S n = Aut(X n ). In 
other words, the permutation group on n points is the universal object within the category 
of groups acting on C(X n ). In [35J, Wang made the remarkable discovery that if one replaces 
the category of groups acting on C(X n ) by the category of compact quantum groups acting on 
C(X n ), then there still exists a universal object within this new category, called the quantum 
permutation group S£- is a C*-algebraic compact quantum group which contains the 
classical permutation group S n as a quantum subgroup. Moreover, the inclusion S n C is 
proper when n > 4. That is, finite sets with at least four elements admit genuinely "quantum 
permutations" . 

More generally, given a (non-commutative) finite dimensional C*-algebra B, one can ask 
about the existence of a universal object within the category of compact quantum groups 
acting on B. This question was also considered by Wang [35], who showed that such an 
object exists provided we fix a faithful state ip : B — > C and restrict to the subcategory of 
compact quantum groups acting on B which preserve the state if). The resulting object is 
called the quantum automorphism group of the pair (B,if>), and is denoted by G ant (B, if}). 
When B = C(X n ) and if) is the uniform probability measure on X n , we recover the quantum 
permutation group S+- See Example 13.41 

Since the quantum groups O aut (I?, -0) generally depend a great deal on the initial choice 
of state ip, a natural first step in attempting to develop a structure theory for these objects 
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is to restrict attention to certain "canonical" choices of states on B (which should ideally 
correspond to uniform probability measures in the commutative case). In [31 0], Banica 
showed that one very natural choice of state if) : B — > C, which ensures that the generators 
of the category of finite dimensional representations of G = G aut (-B, if)) satisfy the fewest 
relations (or are are as "free" as possible), is to take if) to be the restriction to B of the 
unique trace on C(B), where B e — >■ C(B) via the left regular representation. In particular, 
with the above choice of if) (or more generally by taking if> to be a 5-form on B - see 
Definition 13. 5p . Banica showed that when dimB > 4, the finite dimensional representation 
theory of G admits a nice description using Temperley-Lieb algebras. Using this link with 
Temperley-Lieb algebras, he obtained a complete description of the fusion rules for the 
irreducible unitary representations of G and from this deduced many interesting structure 
results, including the fact that G is co-amenable if and only if dim B < 4. 

The goal of this paper is to investigate the operator algebraic structure of the quantum 
groups G = G aut (.B,V')5 where if) : B — > C is the canonical trace described above. Our focus 
will be on properties of the reduced C*-algebras C r (G) and reduced von Neumann algebras 
L°°(G) = C r (G)", as well as the quantum convolution algebras L : (G) = /^(G)*. Note that 
in the co-amenable (i.e., dimB < 4) case, the structure of G is already well understood. If 
dim 5 < 3, then B = C{X n ) and G = S n . If dim 5 = 4, then either B = M 2 (C) or C(X A ). 
In the first case, G turns out to be isomorphic to SO (3), the classical ^-automorphism group 
of M 2 (C) (see [3]). In the second case, G = Sf, which has been extensively studied in [5] 
and [7J . In particular, Banica and Collins [7J have obtained a concrete model for the reduced 
(= full, due to co-amenability) C*-algebra C r (Sf) in the form of an explicit embedding 
C r (S+) e — >■ M 4 (C) <g> C{SU{2)). 

In the non-co-amenable (i.e., dimi? > 5) regime, much less is known about the structure 
of G and its operator algebras. Among the known results, we note that De Rijdt and Vander 
Vennet [18] have obtained a detailed description of the probabilistic boundaries associated 
to the discrete dual quantum group G. In addition, combinatorial "Weingarten" formulas 
for the Haar state on the quantum permutation groups S£ were obtained in [5J. The large 
n asymptotics of these formulas have found many interesting applications in free probability 
theory. See for example [SJ M, E5] • Perhaps most striking of these applications is Kostler 
and Speicher's free analogue of de Finetti's theorem [25], which asserts that an infinite 
sequence of random variables in a W*-probability space is identically distributed and free 
with amalgamation if and only if its joint *-distribution is invariant under the action of the 
quantum permutation groups {S+} n >i- 

Returning now to a fixed quantum automorphism group G = G aut (-B,'0) with dim I? > 
5, basic results in co- amenability theory imply that C r (G) is non-nuclear, L°°(G) is non- 
injective and L 1 (G) is a Banach algebra which fails to have a bounded approximate identity. 
However, based on the above connections between £>+ and free independence, as well as 
some compelling evidence provided by work of Vaes and Vergnioux [32J on free orthogonal 
quantum groups, more is conjectured to be true. Namely, it is expected that L°°(G) is a full 
type Ili-factor and C r (G) is a simple C*-algebra with unique trace when dimB > 5 (see [7J, 
Introduction). 

In this paper we show that if dim B > 8, then L°°(G) is a full type Ili-factor (Theorem 15. II) 
and C r (G) is simple with unique trace (Corollary 15. 12[) - proving the above conjecture in all 
but six cases. We use this factoriality result to obtain a refinement of a structure theorem of 
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Banica [3] on quantum automorphism groups of full matrix algebras G n = G aut (M n (C), tr). 
We prove that for each n > 3, L°°(G n ) embeds into L°°(0+) as an index 2 subfactor and 
into L°°(Un) as an infinite index subfactor (Theorem 16. 2p . Here 0+ and U£ are the n- 
dimensional free orthogonal and free unitary quantum groups constructed by Wang [34|. 
Immediate consequences of this result (together with the fact from [32] that L°°(0+) is 
known to be a solid factor) are that L°°(G n ) is solid (and hence prime) and that there is an 
outer action of Z 2 on L°°(G n ) such that L°°(0+) = L°°(G n ) x Z 2 (Corollaries and E3D- 

In addition to considering the algebraic structure of L°°(G) and C r (G), we also investigate 
various approximation properties for these operator algebras and the convolution algebra 
L X (G). We prove that when dimi? > 5, L°°(G) has the Haagerup property (Theorem 14. 2p . 
C r (G) (respectively L°°(G)) has the (respectively weak-*) metric approximation property, 
and that L X (G) admits a central approximate identity which is contractive in the multiplier- 
norm (Theorem l4.15p . To obtain these approximation properties, we first construct a suitable 
family of L 2 -compact completely positive multipliers on L°°(G), establishing the Haagerup 
property. We then prove that the discrete dual quantum group G has the property of rapid 
decay, which amounts to proving a type of Haagerup inequality for L°°(G) (Theorem I4.10p . 
The norm control provided by the property of rapid decay for G allows us to truncate our 
completely positive multipliers down to finite rank contractions in such a way as to yield 
the (weak-*) metric approximation property. (We also use the property of rapid decay in 
the proof of simplicity for C r (G)). The existence of the claimed approximate identity for 
L X (G) then follows by a standard duality argument. We also observe that C r (G) is an exact 
C*-algebra (Corollary I4.17p . by piecing together some results on monoidal equivalence for 
compact quantum groups from [18] and [32] . 

The remaining parts of this paper are organized as follows: Section [2] fixes some notation 
and contains the basic facts on compact and discrete quantum groups that will be needed. 
In Section [3] we recall the definition of the quantum automorphism groups G = G aut (i?, if>), 
5- forms and describe the representation theory of G when if) is a 5- form. Section H] deals with 
approximation properties for the reduced operator algebras of G (assuming if) is the canonical 
trace on B) and the property of rapid decay for G. In Section [5] we prove our factoriality, 
fullness and simplicity results for the reduced operator algebras of G. In Section El we 
restrict our attention to quantum automorphism groups G n (n > 3) of full matrix algebras. 
We calculate the index of the inclusions L°°(G n ) L°°(0+), L°°(U£) and then consider 
the above mentioned applications. The final section (Section [7]) is an appendix containing 
a proof of Theorem I5.4[ which is a technical result required in our study of factoriality and 
fullness for L°°(G). 

Acknowledgements. The author wishes to thank T. Banica, B. Collins, P. Fima, A. Fres- 
lon, J. A. Mingo, R. Speicher and R. Vergnioux for useful conversations and comments at 
various stages of this project. 

2. Preliminaries 

2.1. Notation. For a Hilbert space H, we take its inner product to be conjugate-linear in 
the first variable and write B(H) for the C*-algebra of bounded linear operators on H . Given 
£,r] G H, we write u v ^ G B(H)* for the cx-weakly continuous linear functional T \-t (rj\T^). 
For tensor products, we write ® for the minimal tensor product of C*-algebras or Hilbertian 
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tensor product of Hilbert spaces, <g> for the spatial tensor product of von Neumann algebras 
and ®aig for the algebraic tensor product. If X is an operator space, we write CB(X) for the 
algebra of completely bounded linear maps on X. We take the natural numbers N to include 
and for m > 1 we write [m] := {1,2,..., m}. We also use standard leg numbering notation 
for operators on multiple tensor products. For example, if Hi, H 2 , H 3 are Hilbert spaces and 
T G B(Hi <g> H 2 ), then T X2 = T <g> id^ 3 G B(H X g> H 2 <g> F 3 ), T 13 = (id <g> a*)T 12 (id <g> a) G 
<g> i/ 3 ® if 2 ) where a : ff 3 <8> H 2 — > H 2 ® H 3 is the tensor flip map and T 23 is defined 
similarly. 

2.2. Compact and Discrete Quantum Groups. We present here a very brief summary 
of the basic facts on compact and discrete quantum groups that will be needed for this paper. 
Our main reference for this will be [38j and the excellent book |31j . 

Definition 2.1. A compact quantum group is a pair G = (A, A), where A is a unital C*- 
algebra and A : A — > A® A is & unital *-homomorphism (called a coproduci) satisfying the 
coassociativity condition 

(id A ® A) o A = (A g> id A ) ° A 

and the cancellation property 

span{A(v4)(l j4 <g> A) } = A <g> A = span{A(A)(A ® 1 A )}. 

Every compact quantum group G = (A, A) admits a Haar state, which is a state h : A — > C 
defined uniquely by the following bi-invariance condition with respect to the coproduct: 

(h <g> id A )A(a) = (id A ® /i)A(a) = /i(a)l A (a G A). 

Let L 2 (G) be the Hilbert space obtained from the GNS construction applied to the sesquilin- 
ear form on A defined by (a\b)h = h(a*b), and let A : A — > £>(L 2 (G)) be the associated left 
regular representation. Recall that A is given by A(a)A/ l (6) = Ah(ab), where a, b G A and 
Ah : A — y L 2 (G) is the GNS map. The reduced C* -algebra and reduced von Neumann algebra 
of G are the concrete operator algebras acting on L 2 (G) given by 

C r (G) := A(A) C i3(L 2 (G)) and L°°(G) := C r (G)", 

respectively. 

Observe that the A-invariance of the Haar state h implies that there exists a normal 
faithful *-homomorphism A r : L°°(G) -> L 00 (G)®L 00 (G) given by A r o A = (A ® A) o A, 
turning (C r (G),A r ) into a compact quantum group (the reduced version of G). The pre- 
adjoint of A r induces a completely contractive Banach algebra structure on the predual 
L l (G) := L°°(G)*. L X (G) is called the convolution algebra of G. G is said to be of Kac-type 
if the Haar state h is tracial. In this case, L°°(G) is a finite von Neumann algebra with 
faithful Haar trace h. 

Let H be a finite dimensional Hilbert space. A representation of G on H is an element 
U G B(H) ® A such that 

(2.1) (id® A)i7= C/ 12 [/ 13 . 

By fixing an orthonormal basis {ej}f =1 for and writing = [uij] G Mrf(^4) relative to 
this basis, (12. ip is equivalent to requiring that A(uy) = J^ fc=1 Wife ® Wfej for 1 < i, j < d. 
U is called a unitary representation if {/ is, in addition, a unitary element of Md(A). If 
f/ 1 = [w^i)^!)] ^ A^d(i)(^4) and U 2 = [^2)^(2)] e Mi(2)(^-) are (unitary) representations, then 
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their tensor product U 1 IE U 2 = [uh^r^u^j^] G Md(x)d(2)(A) and direct sum U 1 © U 2 G 
Mi(i)+d(2) (^4) are also (unitary) representations. The vector space 

Mor([/\ U 2 ) = {Te B{H X , H 2 ) | (T ® U)^ 1 = U 2 {T® 1 A )}, 

is called the space of morphisms (or intertwiners) between U 1 and £/ 2 . t/ 1 and U 2 are called 
(unitarily) equivalent if there exists an invertible (unitary) operator T G Mor(?7 1 , U 2 ), and 
in this case we write U 1 = U 2 . If U = [uij] G Ma(A) is a representation, then so is U = [u*j]. 
The representation U is called the conjugate of [/. Note that the passage from U to its 
conjugate U does not preserve unitarity in general. A representation U is called irreducible 
if Mov(U, U) = Cid. Note that U is irreducible if and only if U is irreducible. 
The following is a fundamental result in the theory of compact quantum groups. 

Theorem 2.2. Every irreducible representation of a compact quantum group G = (A, A) is 
finite dimensional and equivalent to a unitary one. Moreover, every unitary representation 
is unitarily equivalent to a direct sum of irreducibles . 

Let {U a = [ufjliKijKda '■ a Irr(G)} be a maximal family of pairwise inequivalent finite- 
dimensional irreducible unitary representations of G = (A, A), with G Irr(G) denoting the 
index corresponding to the trivial representation 1^ G A and U a denoting the representative 
of the equivalence class of U a . If A C A denotes the linear span of {u"- : 1 < i, j < d a , a G 
Irr(G)}, then A is a Hopf *-algebra on which h is faithful, A is norm dense in A, and the set 
{ufj : 1 < i, j < d a , a G Irr(G)} is a linear basis for A. The coproduct A : A — > A (g) a i g A 
is just the restriction A|^, the coinverse k : A — > A is the antihomomorphism given by 
K>(ufj) = (uji)*, and the counit e : A — > C is the *-character given by e(w°) = Sij. The Hopf 
*-algebra A is unique in the sense that if B C A is any other dense Hopf *-subalgebra, then 
B = A (see pU Theorem 5.1]). 

For each a G Irr(G), fix an isometric morphism t a G Mor(l, U a E U a ) (which exists and is 
unique up to scalar multiplication by T). Let j a : H a — > be the invertible conjugate-linear 
map defined by j a £ = (£* ®id)t a , (£ G H a ). Renormalize j a so that the positive operator 
Qa ■= fja > satisfies Tr(Q a ) = Tr^ 1 ) and j w j a = ±id Ha - The operators {Q a } ae i II (G) 
can then be used to describe the Schur orthogonality relations for the matrix elements of 
irreducible unitary representations of G, which are given by 



where a,j3 6 Irr(G) and 1 < z, j < do,, 1 < A;, Z < dp. In particular, setting L 2 (G) = 
span{A/ l (wg.) : 1 < z,j < d a }, we obtain the L 2 (G)-decomposition 

(2.2) L 2 (G) = L 2 (G) = ff Q ®#«, 

aelrr(G) oelrr(G) 

where the second isomorphism is given on each direct summand L 2 a (G) by 

(2.3) Aa(K,{ <8> id A )f/ Q ) ^ £ ® (1 ® f7*)*a (" e Irr(G), (, rj G if a ). 

Note that when G is of Kac-type, then Q a = id# Q for each a G Irr(G) and {da Ah(ufj) : 
1 < z , < d a } is then an orthonormal basis for L 2 (G). For future reference, we will always 
write P a for the orthogonal projection from L 2 (G) onto L 2 (G) = H a £g> if^. 
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Denote by C U (G) the universal enveloping C*-algebra of the Hopf *-algebra A and by 
ir u : A — > C U (G) the universal representation. Then there is a *-homomorphism A u : 
C U (G) — ?■ C U (G) Cg)C u (G) defined by A u o7r u = {ti u ®tx u ) o A, making (C U (G), A u ) a compact 
quantum group (the universal version of G). In the universal setting, we write C a i g (G) for 
the canonical dense Hopf *-subalgebra 7r u (A) C C u (G). We say that G is co-amenable if 
the regular representation A : C U (G) — > C r (G) is an isomorphism. The compact quantum 
groups encountered in this paper will all appear canonically in universal form. I.e., given by 
G = (A, A) where A = C U (G) and A = A u . 

A discrete quantum group is the dual a compact quantum group. Let G = (A, A) be a 
compact quantum group and let (f/ a } a eirr(G) (with U a G B(H a ) (g) A) be a maximal family 
of pairwise inequivalent irreducible unitary representations of G. Define 

C[G] = B(H a ), c (G) = c - B(H a ), f°(G) = J] B(H a ), 

aelrr(G) oGlrr(G) aGlrr(G) 

and let P a £ £°°(G) denote the minimal central projection corresponding to the factor 

B(H a )eP°{G). 

The unitary operator 

(2.4) V= U a G M(c (G) ® A), 

oelrr(G) 

where M(B) denotes the multiplier algebra of a C*-algebra B, implements the duality be- 
tween G and G. There is a dual coproduct A : £°°(G) ->■ £ 00 (G)^ 00 (G) determined by 

(A ® id A )Y = Vi 3 V 23 , 

or equivalently by the relation A(x)S = Sx for each x G £°°(G), S G Mor(U a , U 13 Kl U 1 ). 
The left and right invariant Haar weights on £°°(G), h L and h R , are given by 

(2.5) h L {x) = rn a Tr(Q a P a x), h R (x) = rn^iQ' 1 P a x) (x G C[G]), 

aSlrr(G) aGlrr(G) 

where m a = Tr(Q a ) = Tr((5~ x ) denotes the quantum dimension of H a . 

3. Quantum Automorphism Groups of Finite Dimensional C*-algebras. 

We now turn to the central objects of this paper - quantum automorphism groups of finite 
dimensional C*-algebras. To define these objects, we first recall the notion of an action of a 
compact quantum group on a unital C*-algebra. 

Definition 3.1. Let B be a unital C*-algebra and G = (A, A) a compact quantum group. 

(1) A right action of G on B is a unital *-homomorphism a : B — > B (g) A satisfying 

(a <8) id) a = (id <g) A) a and span{o;(S)(l <g> A)} = B <g> A. 

(2) If ip : B — > C is a positive linear functional on B, a hg/i£ action a of G on the pair 
(B,ip) is a right action of G on B which is also ^-invariant. That is, 



^®id A )a{b)=^{b)l A , (beB). 
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Definition 3.2. ([351 El H]) Let (B,if>) be a finite dimensional C*-algebra equipped with a 
faithful state if). The quantum automorphism group of (B, if)), denoted by G = G aut (I?, if)), is 
the universal quantum group defined by a right action of G on (B, if)), say a : B — ^ 5(g>C u (G), 
with the following properties: 

(1) C U (G) is defined as the universal C*-algebra generated by 

{(u ® id)a(a) : cu e B* ,a e B}. 

(2) The action a is universal in the sense that if /3 : .B — > B <g> A' is an action of another 
compact quantum group G' = (A', A') on (B, if)), then there exists a unique surjective 
*-homomorphism 7r : C U (G) — > A' such that /? = (ids <g) 7r)o!. 

Remark 3.3. As was shown in [35l |3~1 H], it is possible to give a more "concrete" description 
of the quantum group G = G aut (B,if)) in terms of generators and relations. Let n = dimB 
and fix an orthonormal basis {&i}™ =1 for B relative to the inner product (-|-)^ induced by if). 
Let m : B <8> B — > B be the multiplication map and v : C — > B the unit map. Then C U (G) 
is the universal C*-algebra with n 2 generators {u^ : 1 < i, j < n} subject to the relations 
which make 

(3.1) U = [u i:j } E M n {C u {G)) unitary, m E Mor(t/ H2 , U) and v 6 Mor(l, U). 

The universal property of C U (G) then allows us to define a coproduct A : C U (G) —¥ C U (G) Cg> 
C U (G) by the formula 

n 

A{u i:j ) = ^ u ik ® Mfcj (1 <ij <n), 

k=l 

which turns (C U (G), A) into a compact quantum group with fundamental representation U 
acting on the Hilbert space H = (B, (-|-)^). The universal action a of G on (B, if>) is uniquely 
determined by ot{bi) = Y^l=i bj ® Uji, (1 < * < ti). 

Example 3.4. Consider the simplest situation where X n = {l,...,n}, 5 = C(X n ) and ^ 
is the uniform probability measure on X n . Taking as an orthogonal basis the n standard 
projections in C(X n ), it can be shown using Remark 13.31 that C U (G) is the universal C*- 
algebra generated by n 2 projections {iiij : 1 < i,j < n} with the property that the rows 
and columns of the matrix U = [iiij] form partitions of unity. (An n x n matrix U over a 
C*-algebra A satisfying the above properties is called a magic unitary.) On the other hand, 
C U (S£), the universal C*-algebra associated to the quantum permutation group S+, admits 
the same description by [35], Theorem 3.1. Therefore G aut (Cpf n ), if)) = S"+. 

As mentioned in the introduction, this paper deals almost exclusively with finite dimen- 
sional C*-algebras equipped with certain canonical tracial states, called tracial S-forms [31 H]. 

Definition 3.5. Let B be a finite dimensional C*-algebra equipped with a faithful state 
if} : B — > C and let 5 > 0. We call if> a 5 -form if for the inner products on B and B £g> B 
implemented by if) and if) <S> if), respectively, the multiplication map m : B <g> B — > B satisfies 
mm* = 5 2 idB- 

The reason for considering £-forms is two-fold. On the one hand, the class of £-forms 
yields many of the interesting concrete examples of quantum automorphism groups (including 
quantum permutation groups - see Example 13.71 below). On the other hand, it turns out 
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that the concrete monoidal W*-category of finite dimensional unitary representations of 
G aut (fi, if}) admits a very tractable description in this setting (see Section [3TTj) . 

Remark 3.6. Let if) be a 5-form on a finite dimensional C*-algebra 5. One can readily verify 
(see for example |4J, Theorem 1) that in addition to usual relations 

mm* = S 2 idB, v*v = 1, m(m £g> ids) = m(ids ® m), m(idB <8> = ?77.(^ ® ids) = ids 

satisfied by the multiplication map m : -B £g> B — > 5 and the unit map z/ : C — > B, the 
additional useful relation 

m*m — (m ® id#)(id£ ® w.*), 

also holds. 

We now consider some examples. 

Example 3.7. (1) If B = C(X n ) where X n = {1, 2, . . . ,n} and ■?/> is the uniform probabil- 
ity measure on X n , then if) is a 5-form with 5 2 = dimS = n. Note that by Example 

(2) If B = M„(C) and ^ = Tr(Q-) with Q > 0, then ^ is a 5-form with 6 2 = Tr(g- X ). 

(3) If (B,if)) is arbitrary, then B decomposes as the direct sum B = ©^ =1 M ni (C) and 
if) can be written as if) = © i=1 Tr(Qj-) with > 0. Then -0 is a 5-form if and only 
if TrtQr 1 ) = S 2 for 1 < % < k. See @]. 

Using the notation from Example 13. 71 (13"]) and the inequality dim B < J2i<i<k iMQ^Tr^^ 1 ), 
it follows that 6 2 > dim B for any 5-form ■?/>. If -0 is moreover a trace, then <5 2 = dim B and -0 
is precisely the restriction to B of the unique trace on C(B), described in Section [TJ In this 
case, we call if) the 5-trace or tracial 5-form on B. Note that when if> is a trace, G aut (-B, '0) 
is a compact quantum group of Kac-type [33] . 

We remind the reader that for n = dim B < 3, G = G aut (.B, is just the usual permuta- 
tion group S n [33], so for the remainder of the paper we will assume that dimi? > 4. 

3.1. Representation Theory and the 2-cabled Temperley-Lieb Category. Let 5 > 2 

and if> be a 5-form on a finite dimensional C*-algebra B. In this section we review the 
description of the representation theory of G = G aut (i?, if)) obtained by Banica in [Sill]. In 
the following paragraphs it will be convenient to use the language of (concrete) monoidal 
W*-categories. We refer to [37J and [20] for the appropriate definitions. 

In [1] (see [3] for the tracial case) it is shown that the fundamental representation U of G is 
equivalent to U, and therefore the concrete monoidal W*-category R of all finite dimensional 
unitary representations of G is the completion of the concrete monoidal W*-category 

Ho = {{U m } km ,{Mor(U m ,U m )} k)leN }, 

whose objects are the tensor powers U mh of U and whose morphisms are the associated spaces 
of intertwiners. Moreover, Rq is generated as a monoidal W*-category by the morphisms 
m G Mor(U m , U), v G Mor(l, U) and \d B G Mor(C7, U). 

Consider the universal graded C*-algebra (TLjy(5))(& ,z)snxn given by TL k i(5) = {0} if 
k — I is odd, and generated by elements t(k, I) G TL fc+ ^. +i+2 (c)) with the following relations 
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(where l n denotes the unit of the C*-algebra TL n (5) := TL n) „(5)): 

t(k,l)*t(k,l) 
t(k,l + l)*t(k + l,l) 
t(r,k + l + 2)t(r + kj) 
t(r,k + l + 2)*t{r + k + 2,l) 

It is well known that each (necessarily finite dimensional!) vector space TLkj(5) has the 
following planar-diagrammatic interpretation: TL^^c)) is the C- vector space spanned by a 
basis of (A;, /)-Temperley-Lieb diagrams {D^^^c^k+i) ■ (That is, diagrams D n consisting 
of two parallel rows of points - k points on the bottom row and I points on the top row - 
which are connected by a non-crossing pairing tt £ jVC^ (& + /)). We refer to the book [21] for 
details on the spaces TLkj(5). In terms of diagrams, the generators t(k, I) £ TLk+i t k+i+2(8) 
are given by the (scaled) diagrams 

t(k,i) = r 1 / 2 ! | |J | ••• 1 1, t(k,iy = r 1 ^^^ fl I 1 1 ■ 

k dots I dots k dots I dots 

The composition of diagrams £ TL s j(5), D a £ TLfc s (J) is the diagram in D n D a £ 
TLki(S) obtained by taking the diagram formed by placing D n on top of D a , removing 
any internal loops that form, and multiplying the result by 5# loops removed _ The involution 
D-x i — y D* is just the conjugate linear extension of the operation of turning diagrams upside- 
down 

The collection TL(5) = {N, {TL fc i (5)} fc / eN } has a natural structure as a monoidal W*- 
category and is called the Temperley-Lieb category (with parameter 5). Related to this is the 
2-cabled Temperley-Lieb category TL 2 (£) = {N, {TL 2 ^c))}^^}, where TL 2 ^) := TL 2 k,2i(o~) 
for each k, I £ N. A fundamental result of jl] is that there is an isomorphism of monoidal 
W*-categories 

tt : Ro -> TL 2 (5) given by n(U m ) = k, n(Mor(U m , U m )) = TL 2kj2l {5) (k, leN). 
This is defined on the generating morphisms m,ide of Rq by 

tt(v) = t(0, 0) = r 1 / 2 |J G TL 0)2 (<5), 7r(m) = 5t(l, 1)* = 5 1 / 2 | f| | £ TL 4 , 2 (5), 

7r(id B ) = 1 2 = | | £TL 2 (5). 

From now on we will omit tt in our notation and simply view idg, v and m as generators of 
(a concrete faithful representation of) TL 2 (<5). 

Using the above isomorphism, a description of the irreducible unitary representations of 
G and their fusion rules can be obtained. See 0] and Theorem 4.1 of [3] for the tracial case. 

Theorem 3.8. There exists a bijection Irr(G) = N and a maximal family {U k }kem of pair- 
wise inequivalent irreducible finite dimensional unitary representations of G such that: 

(1) TJk^U k for each keN. 

(2) U° = lc u os) an d the fundamental representation U decomposes as U = U° © U 1 . 

(3) U n M U k = ®5!™q U k+n ~ r for all n,k £ N. In particular, G has the same fusion 
rules as SO (3). 
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= t(r + k + 2, l)t(r, k + I) 
= t(r + k,l)t(r,k + l)*. 



(4) The sequence of representation dimensions {dk = dim(U k )}keN is given by the recur- 
sion 



do = 1, di = dimB — 1, d\d\. = d^+i + dk + {k > 1). 

3.2. Explicit Models. To facilitate our investigation of certain structural properties G, it 
will be useful to have explicit models for the irreducible representations {U k }k^N of G, as 
well as concrete expressions for certain morphisms between their tensor products. 

Consider the kth tensor power U m of the fundamental representation of G. Using the iso- 
morphism i?o = TL 2 (5), we can consider the Jones- Wenzl projection p2k G Mor(U m , JJ m ) = 
TL 2 fc(<5). Put Hk = p2kB® k and define U k to be the subrepresentation of U m obtained by re- 
stricting to the invariant subspace Hk C B® k . One can inductively show that {U k }k^n forms 
a complete family of pairwise inequivalent irreducible unitary representations of G satisfying 
the properties of Theorem 13.81 For the definitions and basic properties of the Jones- Wenzl 
projections {p y } y en, we refer to the book [24J. A crucial feature of these self-adjoint projec- 
tions that will be used throughout this paper is the absorption property (p x ®Py)p x + y = Px+y 
for any x, y G N. 

Given n,k,l G N such that U l C U n Kl U k (i.e., U is equivalent to a subrepresentation 
of U n Kl U k ), we now proceed to construct explicit morphisms pf m G Mor(U l , U n Kl U k ) = 
(P2n <S> P2fc)TL2z i 2(n+fe)(^)P2«- To do this we first require some notation. 

Notation 3.9. (1) Let 5 > 2 and let < q < 1 be such that 5 = q + q~ x . Recall that the 
q-numbers and q-factorials are defined by 

M* = T^T' W = [a] q [a - 1], . . . [1], (a G N). 

Of course when q = I, the above formulas reduce to [a\ q — a and [a] q \ = a\. Observe 
also that 5 = [2] q . 

(2) Given a G N, l a will denote the unit of the algebra TL a (6). Thus l 2a = id#®a via the 
isomorphism Rq = TL 2 (<5). More generally, if x < a, l x will to denote any collection 
of x parallel through-strings in a Temperley-Lieb diagram belonging to TL a (<5). 

(3) For r > 1, let t r = [r + 1], ^ 2 (p r <8> p r )^ r \ where denotes r nested cups in 
TL 0i 2r(#)- In terms of planar diagrams, 



U = [r + 1]- 1/2 L^J L^J G TL , 2r (5) 




Now if U C U n M U k , then by Theorem 13.81 there is a unique < r < 2min{?7,, k} such 
that l = n + k-r. Define p r {^ k G Moi(U\ U n MU k ) by setting 

(3.2) P ? m = (p 2n ® P2fc)(l 2 n-r ® *r ® Uk-r)p2l- 

Using the results of [21], Section 9.10, it follows that (pf m )*pf m = C {n ,k,i)P2i, where 

[2n + 2A:-r + l] (? ![2n-r] g ![r] g ![2fc-r] g ! 
1 j (n ' M) [r + l] ff [2i + l] ff [2n] ff ![2ife],![2Z],! 
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Therefore C^^pf^ is an isometric morphism from Hi onto the subspace of H n £g> H^ 
equivalent to Hi. Moreover, this isometry is unique (up to scalar multiplication by T) since 
the inclusion U C U n M U k is multiplicity-free by Theorem 13.81 

When we study the property of rapid decay and factoriality, it will be useful for us to 
have a description of the quantity l 2n - r ®t r ® l 2 k- r in formula (13. 2ft in terms of the basic 
morphisms m, is, I2 and the Jones- Wenzl projections {p y } y& ^. This can be done recursively 
as follows: if r = 2s is even, then t 2s is given by the recursion 

(3.4) t 2 = [3)- 1/2 (p 2 ®p 2 )(mV), pa = 1 2 - w\ 

(3.5) t 2(k+l) = ( [ 2 fr + 2l\X] J 2< ^ 2k+21 ® P^k){ l 2k <8> t 2l ® hk)t2k (k,lE N). 
If r = 2s + 1 is odd, then 

/ \ / [2a + 1], \V2 

(3.6) l 2n _ r <g) t r <g) hk-r = \ ^2s + 2] [2] ) ^ 2n - 2s - 1 ® P 2s + l ® P 2s +! ® l 2k-2s-l) 

X (hn-2s-2 <S> (h <S> t 2s <S> l 2 )m* ® l 2 fc-2 S -2), 

which can be readily verified using the fact that m* = [2] 9 (li ® t\ ® li). Note furthermore 
that C( fe)fciQ ) = 1 for each fc G N by equation (ET3"|) . Thus each t 2 fc e Mor(l, K c/ fc ) is an 
isometric morphism. 

To conclude this section let us also fix once and for all an orthonormal basis {ej}*^ 
for Hi — B CI and write U 1 = \u\ 3 ] relative to this basis. The equivalence U 1 = U 1 
given by Theorem 13.81 ensures that there is an invertible matrix F\ G GL(di,C) such that 
U 1 = (Fx ® l)Z7 r (Ff 1 ® 1). Moreover, since U 1 is irreducible, we can assume that F\F\ = cl 
where c = ±1 (ee pQ, Page 242). By possibly replacing Fi by for some z G T, we may 
also assume that 

di 

(3.7) t 2 = Tr(F*F)- 1/2 ^e, ® G Mor(l, f/ 1 IE f/ 1 ). 

i=i 

This follows because both sides of equation (13. 7p are evidently isometries in the one dimen- 
sional space Mor(l, U 1 M U 1 ). Finally, note that when ip is the <5-trace on B, then G au t(-B, if)) 
is of Kac-type. We therefore can and will assume that F\ G U(d\) is unitary. Also note 
that when ip is the (5-trace, formula (13.41) yields ot 2 = t 2 , where a is the tensor flip- map. On 
the other hand, formula (I3.7P yields at 2 = ct 2 . Consequently F\F\ = 1. We leave the easy 
details to the reader. 

4. Approximation Properties and The Property of Rapid Decay 

This section is devoted to proving some approximation properties for the reduced operator 
algebras and convolution algebras associated to the quantum groups G aut (-B,^), where if) is 
the 5-trace on B. 

4.1. The Haagerup Property. Our first goal is to prove that L°°(G) has the Haagerup 
property. We begin by recalling this approximation property. 

Definition 4.1. A finite von Neumann algebra (M, r) has the Haagerup property if there 
exists a net {$t}t e A of normal unital completely positive r-preserving maps on M such that 
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(1) For each t G A, the L 2 -extension $ t : L 2 (M) — > L 2 (M) is a compact operator. 

(2) For each £ G L 2 (M), lim ieA - f || La(M) = 0. 

Theorem 4.2. Let B be a finite dimensional C*- algebra with 5 -trace if) and let G = G au t(B,tf)) 
Then L°°(G) /tas t/te Haagerup property. 

To prove Theorem 14.21 we begin by recalling a standard method for constructing normal 
completely positive maps on L°°(G) from states on C U (G). See for example [14] . Lemma 3.4. 

Proposition 4.3. Let G be a compact quantum group and <p G C U (G)* be a state. Then 
there exists a unique normal unital completely positive h-preserving map M v G CB(L°°(G)) 
defined by 

M^X(a) = X((tp <g> zd Cll (G))Aa) (a G C U (G)). 
Moreover, M^C r (G) C C r (G). 

Remark 4.4. It is easily verified that the map defined in Proposition 14. 31 satisfies the rela- 
tion ArM^ = (M<p ®id£,»(G))A P . A map T G Ci3(L°°(G)) such that A r T = (T ® id L o 0(G) )A r 
(respectively A, r T = (idi^g) <g>T)A r ) is called a completely bounded left (respectively right) 
multiplier of L°°(G). This terminology originates from the classical situation where L°°(G) = 
VN(T) is the reduced von Neumann algebra of a discrete group T. In this case, the above 
definition reduces to the one for completely bounded Fourier multipliers on T. See [13]. Note 
that for (unital) completely positive left multipliers, a recent result of Daws [TH] shows that 
Proposition 14.31 is actually a characterization of such multipliers. 

Now let {U a = [ufj] : a G Irr(G)} be a maximal family of irreducible unitary represen- 
tations of a compact quantum group G and let Xa = (Tr ® idc u (&))U a G C U (G) be the 
irreducible character of the representation U a . We say that T G CB(L°°(G)) is a central 
completely bounded multiplier if T is both a left and right completely bounded multiplier 
of L°°(G). This is equivalent to saying that for each a G Irr(G), there is a constant c Q G C 
such that TX(ufj) = c a X(ufj) for all 1 < i,j < d a . The following result (proved in [H]) will 
be our main tool for proving Theorem 14.21 It shows that when G is of Kac type, central 
completely positive multipliers can be obtained from states on the (generally much smaller 
and more tractable) subalgebra C*(xa '■ ct G Irr(G)) C C U (G) generated by the irreducible 
characters of G. 

Theorem 4.5 (|14J, Theorem 3.7). Let G be a compact quantum group of Kac type and let 
(p G C*{xa '■ ct G Jrr(G)) be a state. Then there exists a unique normal unital completely 
positive h-preserving map T^ G CB(L°°(G)) defined by 

T^K) = ^p-XKj) (a G /rr(G), l<i,j< d a ). 

Ci a 

Moreover, T v C r {G) C C r (G). 

Remark 4.6. Our proof in [14J of Theorem 14.51 uses the traciality of the Haar state in an 
essential way. Indeed, the proof relies on both the boundedness of the coinverse k : A — > 
A and the existence of an /i-preserving conditional expectation E : L 00 (G)(g)L 00 (G) — > 
A r (L°°(G)). Both of these conditions imply that h is tracial. 
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Let us now return to the quantum automorphism groups G = G aut (5, if)). Theorem 14.51 
suggests that we study the (state space of the) C*-algebra C*{xk '■ k G N) C C u (G), where 
Xk is the character of the irreducible representation U k given by Theorem 13.81 Since G 
has commutative fusion rules and each irreducible representation U k is equivalent to U k by 
Theorem I3.8[ it follows from general character theory that C* [xk '■ k G N) is commutative 
and that each character Xk is self-adjoint. In the following paragraphs we will obtain a more 
precise description of this C*-algebra. 

Let {Sk}f? =0 denote the (dilated) Chebyshev polynomials of the second kind, which are 
defined by the recursion 

S (x) = l, S , i(x)=x, S 1 (x)S k (x) = S k+ i(x) + S k -i(x) (k>l). 

These are the monic orthogonal polynomials for Wigner's semicircle law, which is the prob- 
ability measure supported on [—2,2] with density ^^~ a ' 2 . Following Section 4 of [2(> . we 
let {rifc}^ be the family of polynomials defined by U.q(x) = 1 and life (x) = Sk(x — 2) + 
Sk-i(x — 2) for each k > 1. Then we have the recursion 

(4.i) n 1 (x)n fc (x)=n fc+1 (x) + n fc (x) + n fc _ 1 (x) (k>i). 

The polynomials {IIfe}fe g N are the monic orthogonal polynomials for the free Poisson law 
(with parameter 1), which is the probability measure supported on [0,4] with density given 

rr. ^ 

by v . Observe that one can equivalently define the family {Hfc}fe g N by setting Hk(x) = 
S2k(y/x)- To see this, note that S2k{x) is a polynomial of degree 2k which contains only 
terms of even degree. Therefore we can define a degree k polynomial by setting Ilfe(x) = 
S2k{y/x). It is then easy to verify that ITo = IIo = 1, = x — 1 = IIi(x), and that the 

life's satisfy the recursion (I4.ip . 

Proposition 4.7. Let x G C U (G) be the character of the fundamental representation U of 
G = & au t(B,ifj). Then x = X* an d there is a * -isomorphism 

V : C* (xk ■ k G N) -> C(a) given by * : X k ^ n fc | ff , 

where a := o~(x) Cl is the spectrum of x- 

Proof. By Theorem 13.81 U = 1 © U 1 and each Xk is self-adjoint. Therefore x — 1 + Xi — 
(1 + xi)* — X* ■ Moreover, the fusion rules for {U k }km yield the character relations XiXk = 
Xk+i + Xk + Xk-i for all k > 1. Thus C*( Xk : k G N) = C*(l, X ). Let * : C*( Xk : k G 
N) = C* (l, x) ~> C( cr ) be the Gelfand isomorphism. Then for any t G a and k > 1, we have 
*Xi(*)*Xk(t) = *(xiXfc)(*) = *Xfc+i(*) + + ^Xfe-i(i), with the initial conditions 

*Xo(*) = *(lc„(G))(*) = 1 and *xi(*) = *(X - Xo)(*) = t - 1. Comparing with the 
initial conditions and recursion (14. ip for the polynomials {IIfc}fe g N, we obtain ^Xk = Rk\a 
(fceN). □ 

This next proposition gives us some useful information about the spectrum a C K of 
X G C U (G), at least in the 5-trace case. 

Proposition 4.8. Let if> be the S-trace on B and let a = o~( X ) C K be as in Proposition \4-7\ 
Then [0,dimS] C a. 

Remark 4.9. We suspect that the equality [0,dimi?] = a always holds in Proposition I4.8[ 
but we are unable to show that x > in general. 
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Proof. Let \i be the spectral measure of x relative to the Haar state h. Since the irreducible 
characters of a compact quantum group form an orthonormal family with respect to the 
L 2 (G)-inner product, Proposition 14. 71 yields 

f U k (t)Ui{t)dfi(t) = h(U k (x)*Mx)) = Kxtxi) = S k i (k, l EN). 

Jsupp(At) 

I.e., {IIfc}fceN are the monic orthogonal polynomials for \i. Therefore \x must be the free 
Poisson law, and in particular [0,4] = supp(/i) C a. 

We now show that [4, dim B] C a. Write B as a direct sum of matrix algebras, say 

B = C(X )Q M ni (C), 

l<t<fc, n t >2 

where C(X ) denotes the maximal commutative ideal of B (which may be zero). Let Uq = 
\X \ so that dim B = n + Y2i=i n 1- We wn ^ assume for the remainder of the proof that both 
of the components C(X ) and © 1<i<A , n . >2 M n . (C) are non-zero. (The trivial modification 
of our argument for the remaining two cases is left to the reader). 

Let Go = and let Gj = SO{rii) for 1 < i < k. For each i, let : Bi — > C u (Gi) <g) Bi 
be the canonical action of Gj on (Bi,ipi), where Bi is the zth direct summand of B and 
i>i — V'lfii- ( in other words, /3 is the fundamental action of S+ on C(X ) and is the 
standard action of SO(rii) on M ni (C) by inner automorphisms.) Now let G' = (^(^g Gj be 
the tensor product quantum group (see [51] . Chapter 6) and consider the diagonal action 

[3 : B ^ B®C U {&') given by /S = t ® • • • ® k-i ® A <8> ti+i ® • • • ® ik, 

0<i<k 

of G' on (B,tfj), where Lj : C — > C u (Gj) is the trivial action of Gj on C. By Definition 13. 2^ 
there exists a surjective *-homomorphism % : C U (G) — >■ C U (G') such that j3 = (ids 8> 7t)q!. 
In particular, if U' denotes the representation of G' associated to the action f3 and x' is its 
character, then x' — ^(x) an d °"(x') ^ °"- It therefore suffices to show that [4, dimS] C a(x')- 
Let X(o) £ C«(Go) denote the fundamental character of Go, and let X(i) C(SO(rii)) 
denote the character of the standard representation of SO{rii) on C n \ A simple calculation 
using the definition of G' and the action j3 shows that 

k 

X' = X(o) ® 1 ® • • • ® 1 + 1 ® • • • ® 1 ®x|) ® 1 ® • • • ® 1 > 

A; times * = 1 « times fc— i times 

and therefore (by tensor independence) cr(x') = f(X(o)) + Yli=i a (xfi))- Moreover, an el- 
ementary exercise in linear algebra shows that for i > 1, X(%) = X%)> I|X(*)II = n % an d 
[0,nj] C cr(x(i))- Therefore 

(4.2) a(x') = <7(x ( o)) + J>,nf] = a(x (0) ) + [0,dimB - n ]. 

i=l 

To finish the proof, we analyze the spectrum cr(x(o)) of X(o) € C u (Go). If 1 < no < 4, 
then 4 > n = e(x(o)) € cr(xo), and (H~2j) yields [4, dim 5] C [n ,dimS] C er(x')- I f ™o > 5, 
write no = 2s + r where s > 2 and r e {0, 1}. Since C u (Go) = C u (5'+ o ) is the universal C*- 
algebra generated by an n x n magic unitary matrix [v^], there exists a unique surjective 
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*-homomorphism ttq : C u (Gq) — > *f =1 C*(Z2) which sends [vy] to the block-diagonal matrix 
W G M no ( *f =1 C* (Z 2 )) given by 



©M i'- Pj ) ifr=i - 



Here is the projection gj), where gj is the canonical unitary generator of the jth copy 
of C*(Z 2 ) in the free product * s l=1 C*(Z 2 ). We then have 7r Q (x( )) = rl + J2j=i 2 Pr Since the 
spectrum of a sum of s free projections is well known to equal [0, s] (see [17], Example 4), 
we obtain ^(^(^(o))) — [r,2s + r] C a(x(o))- Using this last inclusion in (14. 2p . we conclude 
that cr(x') D [r, dimB] D [4, dim 5]. □ 



We are now ready to prove Theorem 14.21 

Proof of Theorem \4 . 2\ If 1 < dimi? < 4 then G is co-amenable by [3], Corollary 4.2, and 
it follows from [TTJ, Theorem 1.1, that L°°(G) is injective. In particular, L°°(G) has the 
Haagerup property. 

Assume now that dimi? > 5 and fix 4 < to < 5. From the isomorphism C* (xu '■ k G N) = 
C(o~) given by Proposition 14.71 together with the fact that [0,dim5] C a from Proposition 
I4.8[ it follows that for each t G [to, dim B), there is a unique state ipt G C*{xk '■ k G N) 
given by 

<Mx fc ) = n fc (t) {ken). 

Consider the irreducible representation U k = [u k 3 ] of G with label k. From part (j4j) of 
Theorem 13.81 and the recursion (14. ip . we have dk = Hk{dimB) for all k G N. Applying 
Theorem 14.51 to the family of states {(ft}te[t ,dimB) C C*{xk '■ k G N) , we obtain a net of 
central completely positive multipliers [t , dim b) C CB(L°°(G)) defined by 



MKKj)) = nfc(dimB) A«) (*6N,i<y< d k ). 

Here [to, dim B) C R is directed in the usual way. 

We now show that this net of normal unital completely positive maps is L 2 -compact 
and converges pointwise in L 2 -norm to the identity map. Using the decomposition L 2 (G) = 
fceN L 2 k (G) given by Q, each L 2 -extension $ t G B{L\G)) is given by $ t = £ fceN n ^ B) P k - 

Since lim^dimB nJ(dimB) = ^ ^ or eacn ^ an< ^ ll^ll = ^ ^ or eacn ^ f° nows that lim^ dimB ||$^— 
£||l 2 (g) = for each £ G L 2 (G). To see that each $ 4 is compact, observe that since $ t 
is the orthogonal direct sum of the finite rank projections {-P/cj/ceN, it suffices to show 

{ n^dimB) } e c o(N) for each t G [t ,dimB). To check this last fact, note that 

< n fc ^dimB) = g S (v / cIImB )' anc ^ an eas y exerc i se ( see f° r example [2], Proposition 4.4) 
shows that there is a constant A(t ) > (depending only on i ) such that 

<A*o)(-7=) =^o)b— ■=) ^0 *->oo). 



5 2 jfe(Vdim5) VdimB' 'VdimS 



□ 
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4.2. The Property of Rapid Decay. Given a finitely generated discrete group T with 
symmetric generating set S = {71, . . . , 7^}, there is a natural length function £ = £3 '■ T — > N 
defined by assigning to each 7 G T the length of its shortest representation as a reduced 
word in the elements of S. The group T is said to have the property of rapid decay (with 
respect to £), or just property RD, if there exists a polynomial P G R + [x] such that for each 
n E N and each function / : {7 G T \ £(j) = n} — > C supported on words in T of length n, 
the following inequality holds 

\\\(f)\\ V N { r) < P(n)\\f\\ iHr) . 

It is a standard fact that property RD is essentially independent of the initial generating set 
S for T. Perhaps the most famous example of a group with property RD is the non-abelian 
free group on d > 2 generators, which was shown by Haagerup [22] to have property RD 
with P(x) = x + 1 for each d > 2. 

The notion of property RD for discrete quantum groups was defined and studied by 
Vergnioux in [33]. There he exhibited the first (and what currently appear to be the only) 
truly "quantum" examples having this property. The goal in this section is to prove that 
if B is a finite dimensional C*-algebra with 5-trace ip, then the dual unimodular discrete 
quantum group G of G = G mt (B,ip) has property RD. We will use this result to obtain 
some finite rank approximation properties for L°°(G), C r (G) and L X (G) in Theorem 14.151 
Property RD will also be a key tool in our analysis of simplicity and uniqueness of trace for 
C r (G) in Section [5TB1 

For our purposes, property RD for G will be most conveniently formulated in dual terms, 
as an equivalent property of L°°(G). More precisely, we will prove the following theorem. 

Theorem 4.10. Let ip be the S-trace on a finite dimensional C* -algebra B and let C n (G) = 
span{(u V £ (g> id)U n : £,r] G H n } C C U (G) be the subspace of matrix elements of the nth 
irreducible representation of G. Then there exists a constant D > (depending only on 
dimB) such that 

||A(a)|U- (6) < D(2n+l)\\A h (a)\\ LHG) (n G N,a G C n (G)). 

In particular, each orthogonal projection P n : L 2 (G) — > L^(G) is bounded as a map from 
L 2 (G) into C r (G) with ||P„||l2_^oc < D(2n+ 1). 

Remark 4.11. Note that the 0(2n + 1) growth rate of the constants in Theorem 14.101 is 
optimal. To see this, consider the character \ n G C n (G) of the irreducible representation U n . 
Using the notation and arguments from the proof of Proposition 14. 8[ it follows that || A(x„) || = 
su Pt G [o,4] l n n(£)| = sup te[0i4] \S 2n (Vi)\ = S 2n (2) = 2n+ 1. Noting that ||A fc (x0lli^(6) = h we 
see that the 0(2n + 1) bound is actually obtained by the sequence {A(x n )} n£ N- 

Our proof of Theorem 14 .101 is based on the ideas in Section 4 of [33] . where property RD is 
proved for the duals of free orthogonal and free unitary quantum groups. The main difference 
between the present situation and the one in [33] is that for quantum automorphism groups, 
the fusion rules U n El U k = @ 2 r ^ {n,k} U k+n ~ r imply that each tensor product U n M U k 
contains both even and odd length subrepresentations, whereas in the orthogonal case all 
subrepresentations of U n Kl U k have the same parity. This (seemingly minor) difference has 
the effect of complicating some norm estimates. 
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To begin the proof of Theorem 14.101 note that it suffices to show that there is a constant 
D > (depending only on dim B) such that for each n G N and each a G C n (G), 

(4.3) \\PiX(a)P k \\ B{L 2 {G)) < D\\A h (a)\\ LHG) (k, I G N). 

Indeed, assume that (14. 3 p holds and take n G N, a G C n (G) and £ G L 2 (G). Using the fusion 
rules from TheoremESJ it is not difficult to see that the sets A^ n = {k G N : U l C U n M U k } 
and B k , n = {/ G N : Z7' C C/ n Kl f/ fc } both have cardinality at most 2n + l. Therefore 

NA(«)eiii = E n^ A (^ii2 = E I E PA*)p4f 2 

lew ZeN feeN: i/ ; ci/™Ki(7 fc 

^E( E ll^(a)P^ll) 2 <E( E ^l|A,(a)||2||P^I| 2 ) 2 
ZeN ken-. u l cu n mu k zeN fceN: u l cu n mu k 

< D*\\A h (a)\\lJ2\An\( E H^Ha) 

ZeN fegN: Z7 i CZ7 n Kl/'= 

<D 2 ||A,(a)|| 2 (2n + l)E( E H^lli) 

z«eN ten-. u l cu n mu k 

= Z5 2 ||A^( a )||l(2ri+ 1)5^ l^^lll^elll < ^ 2 ||A /i («)||l(2rz + l) 2 ||eill, 

z«eN 

which yields ||A(a)|| L oo (G) < D(2n + 1) ||A ft (a) ||x,2(g). 

The remainder of this section is devoted to proving (14.31) . To do this, we utilize the Fourier 
transform defined by Podles and Woronowicz in [29|. Let V G M(co(G) <g> C U (G)) be the 
unitary given by (12.41) and define 

(4.4) T : C a ig(G) C[G]; T(a) = (id g> ah)Y* (a G C«(G)), 

where a/i G C U (G)* is given by a/i(5) := h(ba), (b G C U (G)). Since G is a unimodular discrete 
quantum group, it has tracial Haar weight h := h L = h R given by (12.51) (with Q k = 1 for 
each k G N). Using this description of /i, it is readily checked that J 7 : C a i g (G) — > C[G] is a 
linear bijection with inverse 

(4.5) T~ l : C[G] C a i g (G); T' 1 ^) = {xh ® id)V (x G C[G]), 

where xh(y) := h(yx), (y G £°°(G)). Indeed, a simple calculation shows that J-'iu^) = d^e^, 
where {e£-} denotes the system of matrix units for B(H k ) associated to the matrix repre- 
sentation U k = [u h j]. This calculation also shows that J 7 extends to a unitary isomorphism 
T : L 2 (G) -> £ 2 (G) := L 2 (C[G], /i). 

Recall that one can define a convolution product Conv : C[G] <S> C[G] — >■ C[G] using the 
dual coproduct A as follows. Given x,y G C[G], Conv(x £g> y) G C[G] is defined to be the 
unique element, denoted by x * y, such that (x * y)h = (xh <S> yh) o A. With respect to 
the usual algebra structure on C a i g (G) and the convolution product on C[G], the Fourier 
transform T : C a i g (G) — > (C[G],Conv) becomes an algebra isomorphism. Indeed, since 
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(A ® id)V = V13V23, we have 

T~\x * y) = (xh ®yh(g) id) (A ® id)V = (zA ® j/A ® id)(V r i 3 V 2 3) 
= (xh ® id)V ■ (yh ® zd)V = T~ x xT~ x y. 

As a final useful observation, we note that TPiT^ 1 = Pi, where {Pj}jeN are the canonical 
minimal central projections in £°°(G) = JT^ n j6(Pj). In view of the above properties of the 
Fourier transform, we can transfer our required condition (14. 3 ft to an equivalent one on the 
dual quantum group G. Namely, we must find a D > (depending only on dim B) such that 

(4.6) ||Pi(^*J/)ll^ ( e)^ I, ll a; IU(G)lbllf»(6) (xeP n C[G], y eP k C[G], I G N). 

The following useful result provides an alternate expression for the left-hand side of (14.61) 
and can be found in [33], Lemma 4.6. For the convenience of the reader we include a proof. 

Lemma 4.12. Let x G P„C[G], y G P k C[G] and let I G N be such that U l C U n MU k . Then 

11^(^*^)11/3(6) = (dndkd; 1 ) \\A{Pi){x®y)A{P l )\\ iH ^^ y 

Proof. Since the inclusion C U n M U k is multiplicity-free by Theorem I3.8[ there exists 
a unique z G P«C[G] such that A(P)(x <g> y)A(P) = M z )( p n <S> P k ). (More explicitly, 
z = C7^ kil) (pf m )*(x g> y)p^ fc using the notation of (|53fl - (|£3)» ). From the definition of 
convolution and Fourier transform, we then have 

Pi(x * y) = PiConv(x ® y) = Conv(A(P)(x ® S/)A(P,)) = Conv(A(^)( J P n <g> A)) 

= 2(P n * A) = zPj(P„ * P k ) = zJ r {Pi(d n d k XnXk)) = zd n d k Txi = d n d k d~{ l z, 

which yields 

\\Pi(x * y)\\% { ^ = h((Pi{x * y))*Pi{x * y)) = d n d k d^h(z*(x * y)) 
= d n d k di l h <g> h(A(z)*(x ® y)) 
= d n d k d' x l h ® /j((P n ® A)A(z)*(x ® y)A(P,)) 

= d n d fc ^-^ ® ^(((A(p|)(x ® y)A(p))*(z ® y)A(P,)) 
= d n d fc ^ 1 ||A(p f )(^®y)A(fl)||J, ( g ) ^ ( g ) 

□ 

Note that since /z.(x) = d„Trg(# n )(x) for each x G P n C[G], it follows that ||a?||^a/g) = 
di /2 \\x\\ nS (H n ) andJ|A(P)(x®y)A(P)|| £2( g )0£2( g ) = (d n 4) 1/2 || A(P)(x ® y) A(P,) \\us{H n ®H k ) 

for each x G P n C[G], y G PfcC[G] (where || • ||^5(.) denotes the usual Hilbert-Schmidt norm). 
By combining this observation with Lemma I4.12[ we can recast our required inequality (14.61) 
in terms of the following Hilbert-Schmidt norm estimate. 

Proposition 4.13. There is a constant D > depending only on dimP such that for every 
n,k,l G N, 

||A(p)(x ® y)A(Pi)\\ nS ( Hn(S)Hk } <D(d l d- 1 d- k l ) 1/2 \\x\\ HS(H n )\\y\\nS(H k ), 
for all x G P„C[G] and y G P fc C[G]. 
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Of course if I G N is such that XJ is not a subrepresentation of U n M U k , then the 
inequality in Proposition 14.131 is trivially valid since the left-hand side is then zero. So to 
proceed towards proving Proposition 14.131 let us fix an inclusion U C U n MU k . Recall that 
we defined in equation (JSJID a morphism pf m G Mor(U l , U n MU k ) = TL 2 j, 2n +2fc(5) which has 
the property that C^(. 2 ^p^ m * s an isometry from Hi onto A(Pi)(H n £g> H k ), where C^ n ^,i) is 
the constant defined in (13.31) . We will use the morphism p™ mk to obtain the required norm 
estimate in Proposition 14.131 To do this, we first need the following lemma which gives a 
uniform estimate on the size of Ct n ^n. 

Lemma 4.14. With the notation above, there exists a constant D > (independent of 
n, k, I and only depending on dimB) such that Dq < Ci n ,k,i) — 1- 

Proof. Since p™ mk is a contraction, the upper bound C< n ,k,i) < 1 is immediate. The lower 
bound can be obtained by analyzing the expansion of Ct n> k,i) m terms of the g-numbers. 
This, however, has already been done by Vaes and Vergnioux in Section 8.1 of [52]. Note 
that in [32], the authors work with a concrete representation of the Temperley-Lieb algebras 
which is generally different from the one considered here. However, since all representations 
under consideration are faithful, their estimates transfer directly to our context. □ 



Proof of Proposition |^T73[ With U C U n M U fixed, let < r < 2min{n, A;} be such that 



/ = k + n — r. From Lemma [4.141 and the discussion preceding it, it follows that 
\\A(P l )(x0 y )A(P l )\\ ns{H ^ Hk) = C£ k J(pf k )*(x®y)pf k " 

<D^\\(pf k )*(x®y)pf k \ 



WHS {Hi) 
\HS(Hiy 



We now consider two possible cases: either r is odd or even. 

Suppose first that r = 2s + 1 is odd. Identify Hi with the highest weight subspace 
A(F/)(if n _ s _i £g> Hk-s), and H n , Hk with the highest weight subspaces of if n _ s _i £g> H®^ 1 ^ 
and Hf s £g> H^ s , respectively. Now recall Section [3721 where we fixed an orthonormal basis 
{ei}iLi f° r Hi, a unitary F\ such that (F\ £g> 1)[/ 1 (F 1 ~ 1 <g> 1) = U 1 and an isometric morphism 
£ 2 = d^ 1 ^ 2 £i®Fiei G Mor(l, U^-MU 1 ). Let and denote the standard matrix units for 
13 (Hi) relative to the orthonormal bases {ej}, and {fi = Fie{\i, respectively. Given functions 
functions %, j : [s] — > [di], denote by and the matrix units ejm^i) <S> ■ ■ ■ <S> e*(sWs) an d 
fi(i)j(i) §)...<£> fi(s)j(s) e 13(Hf s ), respectively. With these identifications, we can uniquely 
express 



x 



l<io,jo<di u,v:[s]— >[d 
ij:[s]->[di] 



where {^ ,ij 0) j}i ,ijo,j c B(i/" n _ a _i) and {y u , v } u ,v C B(H k _ s ). Note that ||z||ft 5(Hn) = 
^wcio H^^ojIIWn—O and \\y\\us(H k ) = £«,„ \\yuA\us{H k _ s y Now > usin S the formula 

[2s + 2] 1 J 2 [2] 1 / 2 li®t 2s+ i®li 

= (li ®P2 S +i <8> P2 S +i <S> li) (I2 ® ^ e i(1 ) <g) . . . ® e i(s) <g> <g) . . . <g) <g) l 2 )ra*, 
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which follows from f l3.6p - fl3.7p . one readily sees that 

= P2l(hn-2s~l ® ^L+l ® l 2k-2s-l) 

x E ( 

x U>,i,3o,j ® e *oio ® e U ® /«« ® ?/u,«)(l2n-2s-l <8> ^2s+l ® l2fc-2s-l)P2« 

i,j,u,v:[s]->[di] 

= [2]~ 1 [2,S + 2]~ X p 2 i E { x io,i,jo,j ® (m ® l2fc-2a-2)(ei j ® ® l2fc-2s-2))p2Z 

ij':[s]->[di] 
l<*o j'o<<2i 

= [2] J2, + 2]-^ E K«W ® (fttt(e w „ ® Vl,i)p l S' S) )P2U 

l<»o j'o<di 

where for any multi-index i = . . . ,i(s — 1), i(s)), i := (i(s), i(s — 1), . . . , In the 

last equality above we have also used that [2] q p^ = (jp2 <S> P2k-2s){m* <g> l2k-2s-2)P2k-2s, 
which follows from f)3.2l) . If we now take the Hilbert-Schmidt norm of the above expression 
and use the triangle and Cauchy-Schwarz inequalities, we obtain 

\M m y(x®y)p? m \\nsm 

< [2) q [2s + 2]" 1 ! x ^oJ ® (pJT'VCeWo ® Wj)pS*- > ) 



i,j:[s]-+[di] 
l<*o Jo<<ii 



US(if n _ s _i®ir fe _ s ) 



It- ■ ■ -II 2 



1/2 



«J,*OjO 

1/2 



<[2] 9 [ 2s +2]- i ( e 

e ii(pf-r s V(e, ^^)pf_r s) iiw fc - s) ; 

J,«0J0 

= [2] 9 [2a + 2]7 1 ||x|U (ff „ ) 

ij,«o jo 

<[2} q [2s + 2} q ~ 1 \\x\\ ns{H J E II e wo ® 2/«,i'llw5(Hi®^ fc _ 



1/2 



J J,«0 JO 

v 1/2 

.)) 
*J,«0J0 

1 /2 

= [2] 9 [2 S + 2] g 1 ||x||^ n) ( E IIMWIIW^.)) 

= [2} q [3} q [2s + 2}- 1 \\x\\ ns{ H n )\\y\\ns { H k ). 

Now consider the second case where r = 2s is even. We will only sketch this situation, as 
it is similar to (and in fact simpler than) the previous case. We now identify Hi with the 
highest weight subspace A(Pi)(H n _ s ®H k _ s ), and H n , H k with the highest weight subspaces 
of H n ^ s <g) Hf s and Hf s <g) H k - S , respectively. Using the notation from the previous case, 
write 

i, j:\s\- >[di] u,v:[s]— >[di] 
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where {xij}ij C B(H n - 8 ) and {y u ,v}u,v C B(H k ^ s ). Since 

[2S + l]J /2 t 2 s = (?>2s ® P2s) ^ ® • • • ® e *( s ) ® A") ® ■ ■ ■ ® ^W' 

i:[a]->[di] 

it is easy to verify that 

= P2l(hn-2s <S> t* 2s <g> l 2 fe-2s) ( ^2 Xi >3 ® e V ® ® ( 1 2n-2 S <8> ^2s <8> l2fe-2s)P2i 

i,j,u,v:[a]->[di] 

= [2s + ( Yl Xi >i ® y~i,])Pu- 

i,j:[s]-+[di] 

Taking the Hilbert-Schmidt norm then yields 

\\(pr k nx®y)pf k \\Hsm < [2s + l}- l \\x\\ ns{Hn) \\y\\ ns{Hk) . 

From the preceding two estimates we finally obtain the inequality 

\\A(P l )(x®y)A(P l )\\ HS(Hn ® Hk) < ir + l}- 1 i2] q i3] q D 1 \\x\\ HSiHn) \\y\\ HS(Hk) , 

where I = n + k — r. To complete the proof, we therefore need to show that there exist 
constants < D' < D" (depending only on q = g(dimS)) such that 

[r+ l] 2 [2n + 2k - 2r + l] c 



But since 



< [r + = ff +1] , [2t + 11 , - s D "- 

[r + l] 2 q [2n + 2k-2r + l] q (1 - q 2r+2 f(\ - q ^n+2k-2r)+2y 



[2n + \} q [2k + 1], (1 - 4 2 )(1 - g 4 "+ 2 )(l - g 4fc + 2 ) ' 

the existence of the constants D', D" is clear. □ 

4.3. Further Approximation Properties. We will now use the property of rapid decay 
and the Haagerup property for L°°(G) to prove some additional approximation properties 
for L°°(G), C r (G) and the convolution algebra L 1 (G). In this section we will assume that 
dim B > 5 (i.e., G is not co-amenable), so that L°°(G) is non-injective, C r (G) is non-nuclear, 
and L 1 (G) does not have a bounded approximate identity (see [11], Theorem 1.1 and [12J, 
Theorem 3.1). 

Recall that a Banach space X has the metric approximation property if there exists a net 
of finite rank contractions {<3> f : X — > X} te \ such that lim 4 $ 4 = idx pointwise in norm. 
If X is a dual Banach space, we say that X has the weak-* metric approximation property 
if there is a net of weak-* continuous finite rank contractions {$ t : X — >■ X} ig A such that 
limt <3> t = idx pointwise in the weak-* topology. Finally, recall that the left multiplier norm 
on L X (G) is the norm 

\\u\\ Ml {mG)) ■= sup{||w * u}'\\ L n G ) : ||u/||i,i(G) = 1} (we ^(G)), 
where * := (A r )# denotes the convolution product on L : (G). Obviously IMIa/^l^g)) = 
II -^oj ||b(l 1 (g)) < IMIl^g); where is the left-multiplication operator induced by w G L 1 (G). 

Theorem 4.15. The following approximation properties hold for the quantum groups G. 
(1) C r (G) has the metric approximation property. 
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(2) L X (G) has a central approximate identity {u n } n >i such that sup n H^nlU^i 1 ^)) < 1. 

(3) L°°(G) has the weak-* metric approximation property. 

Our proof of this theorem uses standard truncation techniques for completely positive 
maps using property RD. Compare with [22] and 



Proof of ([T]) . We will use the notation and results from Theorem 14.21 and its proof. Let 
{$t}t e [t 0i dim b) C be the net of normal unital completely positive maps con- 

structed in the proof of Theorem I4.2[ whose L 2 -extensions are given by 

. T iu(t) 

Recall that by Theorem 14.51 <3>i restricts to a unital completely positive map on C r (G). 
Moreover, since hm^ dimg U ^® B \ = 1 and ||$ t ||z3(c r (G)) = 1 for all t, it follows that 
lim 4 _> dimf? $i = id a . (G ) pointwise in norm. 

Now, for each n G N consider the finite rank truncation 



k<n ftV ' 



and let $ t ,n '■ L°°(G) — > C r (G) be the associated finite rank map determined by & t ,n ° ^-h = 
A/jO$ t) „. Using property RD ( Theorem HUD}, we have ||Pfc||s(c r (G)) < ||-Pfc|U 2 ->£°° < D(2k+1) 
for each k G N. Therefore 



|$t - $t,n || B(C r (G)) 



y — 

~ n fc 



n fc (t) 



fc>n+l 



(dim B) 



B(C r (G)) 



fc>n+l v ' fc>n+l 

<A(t )D ^ (2fc + 1) — ^ (n->oo, *e[t ,dim£)). 

fc>n+l 

Consequently $ t = lim^oo $t in in operator norm and lim^oo ||$t, n || = H^tH = 1- Therefore 
if we set $ t)n = ||$ tin || _1 $ tira , we obtain a family of finite rank contractions {§t.n}t,n which 
also satisfies lim^oo $ t n = $ 4 in norm. Since we already know that lim^dimB ®t = idc r (G) 
in the point-norm topology, we conclude that the set {$t, n }i,n contains idcv(G) m its point- 
norm closure. We can now easily extract a sequence of finite rank contractions from {&t,n}t,n 
which yields the metric approximation property. Indeed, just choose any sequence of numbers 
{t(n)} n ^ C [t ,dim_B) such that 

lim t(n) = dim B and lim V (2k + l)( — Y = 0. 

k>n+l 

Then the sequence {$? n }nm C B(C r (G)) where \l/ n = $t(n),n does the job. 

Proof of (J2|). Identify L 1 (G) with the closure of C a i g (G) with respect to the norm 

||w|| L i( G) := h(\u\) = sup{\h(ux)\ : x G C a i g (G), || X(x) ||x°°(G) = !}• 
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Consider the sequence {w„} nffl C Z(L l (G)), where u n = \\$ t (n),n\\ 1 J2k<n^k(t(n))xk and 
{t(n)} n ^ is the sequence chosen in the proof of part ([I]). Since lim n t(n) = dim B, lim n || 
1 and Xk * u\j = u[j * Xk = n t (dim B) u ij ^ OT eacn irreducible matrix element u\j E C a i g (G) C 
L l (G), it follows that 

(4.7) L Un uj = u n * u = uj * u n — > u (n — > oo, to E C a i g (G) C L 1 (G)). 

To prove that (14.71) holds for each u E L 1 (G), the usual density argument shows that 
it is suffices to observe that ||w n ||jjfj(xi(G)) is uniformly bounded. This, however, is true 
because an easy duality calculation shows that (L^)* = E B(L°°(G)) and therefore 

||w„||jif,(Li(G)) = H-Ewll = ||*n||fl(i<»(G)) = ||*n||fl(cv(G)) = 1- The result now follows. 

Proof of (E]). Since the maps *f? n = (L Un )* are a- weakly continuous finite rank contractions, 
and ||Aj n w — ^IIl 1 ^) — * for all u E L 1 ^) = L 00 (G)*, it follows by duality that lim n \l/ n = 
idi°°(G) pointwise a- weakly. □ 

4.4. A Remark on Exactness. We close this section with a few remarks on the exactness 
of the reduced C*-algebras C r (G). We suspect that Corollary 14.171 below may already be 
known by the experts, but we could not find a reference. 

In [T3], the notion of monoidal equivalence for compact quantum groups was introduced, 
and in [32], Vaes and Vergnioux showed that exactness of reduced C*-algebras of compact 
quantum groups is preserved by monoidal equivalence. 

Theorem 4.16 ([32], Theorem 6.1). Let G and Gi be monoidally equivalent compact quan- 
tum groups. Then C r (G) is exact if and only if C r (Gi) is exact. 

Now let (B, ifj) be a finite dimensional C*-algebras equipped with a (possibly non-tracial) 
<$-form if) : B — > C and consider the quantum automorphism group G = G aut (S, ip). In [18J, 
Section 9.3, it is shown that G is monoidally equivalent to Gi = G aut (M2(C), Tr(Q-)), where 
Q E M^{G) is any positive invertible matrix satisfying Tr(Q _1 ) = 5 2 . Using [30J, we can 
assume that Gi is isomorphic to SO q (3) where < q < 1 is such that q + q' 1 = 5. Since 
SO q (3) is well known to be co-amenable, we have C r (Gi) = C„(Gi) is nuclear (therefore 
exact) by [11], Theorem 1.1. This yields the following corollary. 

Corollary 4.17. Let G = G mt (B,ip) be as above. Then C r (G) is an exact C -algebra. 

5. Algebraic Structure 

We now turn to some algebraic questions concerning the operator algebras L°°(G) and 
C r (G) associated to the trace-preserving quantum automorphism groups G = G aut (.B, ?/>). 
We will first prove a factoriality and fullness result for L°°(G), followed by a simplicity and 
uniqueness of trace result for C r (G). 

5.1. Factoriality and Fullness. Let (M, r) be a Ili-factor (with unique faithful normal 
trace r). Given a sequence {x n }^ C M, we say that {x n }J£L is asymptotically central 
if \\x n y — yx n \\2 — > for each y E M. We say that {x n }^ =0 is asymptotically trivial if 
\\x n — r(x n )l||2 — > 0. Recall that M is said to be a full factor if every bounded asymptotically 
central sequence in M is asymptotically trivial. Concerning factoriality and fullness for 
L°°(G), we obtain the following result. 
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Theorem 5.1. Let ip be the S-trace on a finite dimensional C*-algebra B and let G = 
G au t(B,tp). If dim B > 8, then L°°(G) is a full type Il\-f actor. 

Remark 5.2. Note that there are six cases corresponding to dimB = 5, 6, 7 (i.e., B = C(X n ) 
with n = 5,6,7 and B = C(X n ) © M 2 (C) with n = 1,2,3) that are not addressed by 
Theorem 15 . 11 The question of factoriality remains open in these cases. See Remark 15.101 for 
more details. 

Note also that when dim I? < 4, then L°°(G) is never a factor since it is commutative 
unless G = S£. But in this case the matrix model of Banica and Collins [7] (mentioned 
in Section QJ shows that L°°(S 4 + ) ^ M 4 (C)®L°°(SU(2)), which forces Z(L°°(S£)) to be 
infinite dimensional. 

The arguments in our proof of Theorem 15.11 are based on the ideas of [32], Section 7, 
where factoriality for free orthogonal quantum groups is studied. A fundamental difference 
between the present situation and the one for free orthogonal quantum groups is that the 
fundamental representation of G is reducible in our case. This means that this representation 
does not provide an optimal set of generators for L°°(G) with which to check commutators 
(i.e., factoriality). We remedy this by working instead with the matrix elements of the 
irreducible representation U 1 of G labeled by 1 G N. 

Recall that in Section [331 we fixed an orthonormal basis {ej}*^ for the Hilbert space Hi, 
with respect to which the irreducible representation U 1 G B(Hi) ® C U (G) can be written as 
U 1 = [u\X Observe that by Theorem 13.81 every irreducible representation of G is contained 
in some tensor power of U 1 and therefore L°°(G) = {A(it^) : 1 < i,j < di\" . To study 
factoriality and fullness, we therefore consider the bounded linear map 

T : L 2 (G) ->■ Hi <g> L 2 (G) (8) H x 

di 

T(y{ ) = J2 F ^ ® ( A «')^o - yXiul^a) ® e, (ye L°°(G)), 

i,3=l 

where = -^(1) G L 2 (G) is the cyclic and separating vector for L°°(G) and Fi G U(di) is 
the unitary matrix from (13.71) . 

Remark 5.3. The connection between the operator T and the factoriality or fullness of L°°(G) 
is obvious: L°°(G) is a factor if and only if kerT = C£o- If T\^x is bounded below, then 
L°°(G) is moreover a full factor. Indeed, if C > is such that IIT^H^^^^^ > C||^|| i 2( G ) 
for all £ G C£q- and C L°°(G) is an asymptotically central sequence, then 

\\x n - h(x n )l\\ L 2 (G) < C _1 ||T(2; n - h(x n )l)\\ Hl ® L 2 iG) ® Hl — > (n -)> oo). 

5.2. Analysis of the operator T. The commutator operator T compares the left and 
right action of the operators {^(uij)}i<i,j<di on £ 2 (G). At the level of representation theory, 
this can be interpreted in terms of comparing certain decompositions of tensor products 
of irreducible representations. This leads us to consider the following isometric morphisms 
(defined for k > 1 using formulas (I3.2p - (I3.3I) ): 
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^(+i)_ r -V2 i^(fc+i) _ / [3] g [2fe + l] g y/2 w, s 

- °(i,fc+i,fc)Pfc ~ V [2 A; + 3] — / ®P2fe+2jli2 ® hk)P2k, 

Ykjl ~ C (l,k-l,k)Pk ~ iP2 ®P2k-2)P2k, 

9 k ,r ~ U (k-l,k,k)Pk ~ \V2k-2 ®V2)V2k- 

The following theorem shows that, relative to the decomposition L 2 (G) = ® fcgN H k ® H k 
given by (I2.2l) - (l2.3p . the commutator operator T is block-tridiagonal and built quite naturally 
from the above list of isometric morphisms. 

Theorem 5.4. There is a decomposition T = T^ +1 ^ +T^ 1 \ where for each a E {0, ±1}, 
T(% = 0, T( a \H k ®H k )CH 1 ®H k+a ®H k+a ®H 1 (k > 1), 

and 



[2k + 3] ff \ 1/2/ (+1) ,(+i) *,(+i) 



(0) 
k,l ' 



[2*+l]„. 

where a : if*. ® H\ Hi® H k is the tensor flip map. 

The proof of Theorem 15.41 is rather long and tedious, so we delay it to the Appendix 
(Section [7j). 

Before commencing the proof of Theorem 15.11 we need one more remark. 

Remark 5.5. At various places during the proofs of Theorems 15.11 and 15.41 it will be useful to 
have slight modifications of the recursions dSHD-dHTD for the isometies t 2k E Mor(l, U k ElU k ). 

1/2 1 /2 

Namely, we claim that t 2 = [3} q (I2 ®p 2 )m*v = [3] q (p 2 ® l 2 )mV and more generally, 

(5. 1) t 2k = ( [2k +1] J ^ 2k ® P2k ^ l2k - 2 ® t2 ® l ^-2)t2k-2 

(5.2) = ( [2 f ~ 1 J& ) 1/ \p 2k ® l 2fc )(l 2fc _ 2 t 2 ® l 2fc _ 2 )t 2fc _ 2 . 



• [2fc+l] 9 • 

While the above equalities are perhaps "diagrammatically" obvious, we can nonetheless 
algebraically verify these claims as follows. If k > 2, let £ 2 fc G Mor(l, U^" 1 ^ El U 1 El U k ) 

and t 2 fc G Mor(l,[/ fc Kl f/ 1 IEI t/^ -1 )) be the morphisms appearing on the right sides of 
( 15. ip and (15. 2p . respectively. Since Mor(l, E^*" 1 ) B U 1 El U k ) is one-dimensional and t 2k G 
Mor(l, U k M U k ) C Mor(l, f7( fe -i) we must have t 2fc = 2;t 2fc for some z E C. 
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Moreover, since z = t* 2k t 2 k = tl k t 2k = 1, we must have z — 1. A similar argument gives 
t2k — t 2 k- The case of k = 1 goes similarly. 

We will now use the tridiagonal decomposition of T given by Theorem 15.41 to show that 
if the dimension of B is sufficiently large, then T is bounded below on C£q C L 2 (G). By 
Remark 15 .3[ this will prove that L°°(G) is a full factor. To obtain this bound, we actually 
prove that T^ +1 ^| c ^± is bounded below by some constant which tends to oo as dimS — > oo, 

while (T(°) + T( _1 ))| c ^± is bounded above by a constant which is uniformly bounded as a 
function of dimB. An application of the triangle inequality will then show that T\ c ^± is 
bounded below for dim B sufficiently large. 

Notation 5.6. Given £ G L 2 (G), denote by the component of £ belonging to the subspace 
L|(G) = H k <S> -Hfc, and let £° = £ — (£o|£)6o be tne orthogonal projection of £ onto C£jj-. We 
then have T£ = T£° = T( +1 )£° + (T<°) + T^ 1 ))^ . Similarly, given rj G Hi <g> L 2 (G) <g) #i, let 
77^ be the component of r) belonging to the subspace H x ® H k ® H k ® Hi. 



We start by finding a uniform upper bound for the norm of (T^ + 1 \ t 



Lemma 5.7. 

||(r(°)+T(- 1 ))| cc x||<2(i + ? ). 

Proof. Theorem 15.41 implies that for any £ G L 2 (G), 



oo oo 

2n> ..2 



ii T (o )e o ||2 = ^ || (T (0) Ofe||2 = j2 \\T^k\\ 2 < E ll^WJ ii&ii 

oo 

<E 4 i^ii 2 = 4 ^°ii 2 ' 

k=l 

oo oo oo 



fc=0 fc=l fc=l 

<£|^ini 2 <4 ? w, 



where in the last line we have used the fact that 



t [2k-l] q 2 ( l-g ik -\ . . . [2k - l} q 2 

^[2fcTlI = nW^J increasing and sup = q . 



The result now follows from the triangle inequality. 
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□ 



Next we deal with more difficult task of bounding T^ +1 ^\ c ^± from below. Fix £ G L 2 
Then ||T( +1 )£°|| 2 = J2T=i ll T(+1) ^ll 2 and for each k > h Theorem El gives 



\\T^^ k 



[2k + 3], 



/,-./• " ",U < 1 "/,-./ ' "A-.r )6sl£k) 

2||6f - 2He(((^)WC 1J ) ® ((0 V C%l&> 



[2A; + 1], 
[2fc + 3], 
[2A + 1], 

[2fc+l]< 



||^(2iie fe |i 2 -2||(Ov^iHie fc | 



- [2& + 1], 



Therefore 



r (+1) e ii 2 > 2 E i^H 1 - ikO^Rii&ii 2 
fe=i ^ + l ^ 

showing that we need to find some useful upper bounds for the norms ||(0i^ 1 ' ) )* c7 0fct^ll> 



where 



(5.4) (OV^ = ^fc+t]^ 2 ^^ ® ® ftw-a)^ 1 * ® (* > 1). 

As a first observation, note that the naive estimate || (</>j^ ) 1| < ^fl^] * s °^ no use 

since the right hand side of this inequality always exceeds 1. To obtain a sharper estimate, 
we need to unravel the right-hand side of (15 .4p using the recursive structure of the Jones- 
Wenzl projections {p y } y em- We will do this by first finding a suitable two-step recursion 
formula which expresses the projection p2k+2 in terms of the projection p2k- Plugging this 
recursion into the right-hand side of (15. 4p will yield an expression whose norm can be more 
sharply bounded from above. The required two-step recursion for p2k+2 will be obtained by 
iterating twice the following (one-step) recursion for the Jones-Wenzl projections {p y } y em 
due to Frenkel and Khovanov ([IS], Equation 3.8): 

(5.5) p y = (l y - ^(-l)^- 1 &tk(l r _ 1 ® t x ® V r _x ® t\)) (p y _! ® 10 (y > 2). 

r=l 
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Setting y = 2k + 2 in (15. 5p and then applying (15. 5p again to the resulting P2k+i term yields 



r=l 



X 1 



2fe 



2fc-i 



[2fc + 2], 
[2],M S 



[2fc + 1], 



■(lj-i ® *i ® lat-i ® *I ® li) (p 2 fe ® 1 2 )- 



, =1 l— ■ -J5 

Multiplying this expression by 1 2 ® P2k on the left, observing that p2k+2 = (I2 ® P2k)P2k+2 
and p 2 fcTL 3/ 2fc (5) = TL 2fc)2/ (<5)p 2fc = for all y < 2k, we see that most terms in the above 
sums vanish. That is, 



P2k+2 = {h <&P2k)[ W 



[2] " (*1 ® hk ® ff) + .J 2 ^ ■ 



[2Jfe + 2] 



[2k + 2], 



1 l 2 fc-l w ^i, 



x 1 



2 fc 



[2],W S 



2 fc-z MgrJ9 



■(lj-l ® *1 ® l2fc-i ® t\ ® ll) ) fefc ® I2) 



(12 ®P 2 fc) 

[2]; 



L 2fc+2 



+ 



[2fc + l], 
[21 

' (h ® lajfe-i ® *i ® li) 



[2fc + 1] 



+ 



+ 



[2fc + 1], 
[2] fl [2*]„ 



(li ® ti ® l^ ® t* ® 1] 



[2], (( 



[2fc + 2] 



[2fc- 


fl],[2H2] g 






[2k- 


f l],[2fc + 2], 




mm, 


[2k 


+ l],[2fc + 2] g 



(h ® lswt-i ® ** ® li) + 



[2]| 



[2fc + 2], 

((li ® ti ® li)ti ® l 2fe _ 2 <8> i*(li ® t* ® l x )) 



(li® *i ® l 2fe _i®^) 



(li® < 



1 ^ i 2 a,- 2 



*; ® ii) 



b 2 fc ® i 2 ). 



After collecting like terms, this gives 

[2], 



P2k+2 = (12 ®P2k) 



^2k+2 + 

(a) 



+ 



[2U2k\ 



[2k+l\ q [2k + l) q [2k + 2) q J< 



(ti ® l 2 fc-i ® *J ® li) 



(b) 



[2]2 



[2]?[2A:] 9 



[2k+l) q [2k + l) q [2k + 2) q J < 



(ll ® ti ® l 2 fe_ 2 ® t\ ® li) 



(«0 



[2], 



[2fc + 2], 



(ti ® i 2 fe®*D + 



[2]i 



— s/ — 



[2A; + 2], 



(li®ti ® l 2A: _i®ti) 



(c) 



+ 



[2]» 



[2fc+l],[2A; + 2], 



((li ® ti ® li)*! ® l 2fc _ 2 ® t*(li ® t* ® li)) 



if) 



{P2k ® 1 2 )- 
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If we now insert the above expression for p2k+2 into equation (15.41) and use the fact that 
P2t\ = 0, we see that the contributions coming from (6), (d) and (e) are all zero. Thus, 



k,l ) a( Pk,r 

[3] ff [2fc + l] a 



[2k + 3], 



P2k(t*2 ® P2k)(?(hk ® h)p2k 

V v ' 

contribution from (a) 



[2]3 + WfcL 



[2fc+l], [2k+l] q [2k + 2] q , 

X p 2 fc(>2 ® P2fc) (l2 ® (ll ® *1 ® l2fc-2 ® ® li))cr(l 2 fc ® t 2 )P2fc 



contribution from (c) 



+ 



[2fc+l],[2A; + 2], 

X p 2k (t* 2 <g> p 2 fc) (l 2 <8> ((ll ® *1 ® ll)*l <8> l2fc-2 ® *i(ll ® *i ® ll)))o-(l 2 * ® *2)P2fc 



contribution from (/) 



P2fca P2fc " (l2TT^L + r2fc + 3L[2fc + 2lJ P2fc(l2fc - 2 ® m)a (m ® l2fc - 2)P 
[2], 



[2k + 3]™ V[2A; + 3] 3 [2k + 3} q [2k + 2} q 



' [2k + 3] q [2k + 2]- q P2kaP2k - 
The last equality results from the following three identities: 



[3} q P2k{t* 2 ® P2k)&(hk ® ^)P2fc = P2k ( ^ ® ( F l e *)* ® ^2fc) ( ^ ® ^ 2fe ® ^ ie . 

i=l 3=1 

= P2k^2((F 1 e i )* ®p 2 k){P2k ® FiCi) = p 2 k<?*P2k, 



1=1 



[2]?[3] g P2fc(*2 ®P2fc)(l 2 ® ® l 2k -2®t\ ® ll))°(l2k ®t 2 )p 

= [3} q P2k{t*2 ® P2k) (l 2 ® m* <g> l 2 fc_ 4 ® m)a(l 2k ® t 2 )p2k (using (jSSD) 

= P 2 fe y ^ ^ ® (^l e *)* ® P2fc) (l 2 ®m* ® l 2fc _ 4 <g> m) ( ^ e,' <g> p 2 fc ® i^iej 

1=1 i=l 

= p 2 fc y^((iqej)* (g) p 2 fc)(l 2 fc ® m)((m* <g> l 2 fc-2)p 2 fc ® i^e*) 
i=i 

= p 2 fc(l 2 fc- 2 <8> m) 2j((Fie,)* ® l 2fc+2 )((ra* ® l2fc- 2 )p 2 fe <8> Fie,) 
i=i 

= p 2 fc(l 2 fc- 2 <8> m)a*(m* <g> l 2 fc- 2 W, 
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and 

[3] g [2]Jp2fc(*2 ® Pa*) ( x 2 ® ((li ® *i ® li)*i ® l 2 fc-2 ® ® *I ® ll)))<T(l 2 fc <8> t 2 )P2fc 

= [3]?P2fc(t2 ® P2fc) (12 ® *2 ® l2fc-2 ® ^)o-(l2* ® t 2 )P2fc 

(using the fact that £ 2 = [3]~ 1/2 [2] g (p 2 <8> p 2 )(li ® *i ® li)*i) 
= [3]Jpa*((^ ® 1 2 )(1 2 ® ® la*-2 ® ^)^(l 2fc ® t 2 )p 2 fc 

= [3],P2fc(pa ® l2*-2 ® ^) cr ( 1 2fc ® £2)2*2* (since («J <g> 1 2 )(1 2 ® t 2 ) = [3]"^) 

dl di 

= P2fc (p2 ® l 2 fc-2 ® e* <g> (Fiei)*J f y^e 3 - ® p 2fc <g) Fie 3 -J 

= P2k(P2 <8> l 2 fe- 2 ) J^( l2fe ® e i)( e i ® P2fc) = P2k&P2k- 
i=l 

A simple application of the triangle inequality using the fact that ||m|| = 5 = [2], now yields 
the desired norm estimate. 



Lemma 5.8. For each k > 1, 

(5.6) || ( Ove'||<^^ [2| ^ 1 + ^' M 



[2fc] g A + _[2], 



[2fc + 3], 

Returning to inequality (15. 3p with Lemma 15.81 now at hand, we obtain the lower bound 



WT^ef > 2mm{||±4(l - ||(0 ^O^^ II* 

3], ([2*+l] ? + [2];(l + 



> 2||^ u || 2 min 



[2k + 3], + ^ + [ l + pSfe) + 12/fek 



fc>i [ [2A; + l] g [2fc + 3],[2fc + l], 

. ,, -2 2 [2]^(1 + ? 2 ) 2 [2] 2 2[2]3(l + g a 3 

>2\q—q—- 



[3] 9 [5], [4] 2 [3],[5], [5], 
2[2], 2[2];(l + 9 2 )" 



[4] g [5], [4],[3],[5], 



ne°ir=: ^nr, 



where the last inequality follows by expanding the square in the previous line and using the 
fact that max y Jj^ = g 2 , min y = g~ 2 and the fact that ?/ !->■ [y], is increasing. 

If we now combine the preceding inequality with Lemma 15.71 using the triangle inequality, 
we obtain 

HTf || = ||t( +1 ^° + (r(°) + t(-V)£°\\ > ||t( +1 ^°|| - ||(t<°> + t(-V)z°\\ 

(5.7) > (C(q) 1 / a -2{l + q))\\?\\ (£ G L 2 (G)). 

We are now ready to prove Theorem 15. II The remaining ingredient we need is the following 
lemma, which will also be useful when studying the simplicity of C r (G) in Section I5T31 Recall 
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that < q < 1 was defined so that 5 = V dim B = q + q l . Note that q = q(5) = 5 ^ 4 is 
a decreasing function of 5. 

Lemma 5.9. Consider the function f(5) := [3]^ 2 (C(g(5)) 1 / 2 — 2(1 + g(<5))). T/ien / is an 
increasing function on the interval [\/8, oo) and /(a/8) > 0. 

Proof. From the definition of C(q), it follows that f(5) = g(q(S)) where 

V 2 g 2 [2] 9 (1 + ? 2 ) 2 [2] 2 2[2] 2 (l + 9 2 ) 



[3], [3], TO, [4H3H5], [3],[5] 



2[2] 9 2[2]3(1 + ^ 



[3],[4] 9 [5], [4]„[3]2[5] s 



1/2 



2(l_+g) 

[3] 



1/2 



When J = y/8, q = « 0.4142 and direct substitution yields /(£) w 0.1111 > 0. It is 

now just an elementary but tedious calculus exercise to verify that g is a decreasing function 
of q G (0, ^ 2 2 } and therefore / is an increasing function of S G oo). □ 

Proof of Theorem \5. 1[ Since f(V&) > and / is increasing by Lemma [5.9[ inequality (15. 7p 
shows that T\ c ^± is bounded below by [3Q«/(5) > whenever dimS = 6 2 > 8. Thus 
L°°(G) is a full factor by Remark E3 □ 

Remark 5.10. Note that if 5 2 = 5,6 or 7, one can check that [3]l /2 f{5) < -0.4386 < 0. So 
the preceding calculations yield no information about the factoriality or fullness of L°°(G) 
when 5 < dimi? < 7. 

5.3. Simplicity of C r (G). We now consider the reduced C*-algebra C r (G) and show that, 
at least in most cases, it is simple with unique trace. To do this, we adapt the "conjugation 
by generators" method used in [32J, Section 7. 

Write W 1 = (id <8> X)U 1 where U 1 is the irreducible representation of & labeled by 1 G N 
and consider the unital completely positive map $ : C r (G) — > C r (G) defined by 

$( x ) = (Tr g> id) ((W l Y(l g> x)W l +W\\® x)(W l )A (x G C r {G)). 

2 |3j q \ / 

Observe that $ is r-preserving for any tracial state r on C r (G) and that $(X) C X for 
any closed two-sided ideal X C C r (G). Moreover, a simple calculation shows that the L 2 - 
extension of $, denoted by $, is given by 

(5.8) $A A (a) = (id L2(G) - — T*x)A ft (a) (a G C„(G)), 

where T : L 2 (G) — >■ i/i (g) L 2 (G) ® i?i is the commutator map introduced in Section |5~T1 The 
key result of this section is the following proposition. 

Proposition 5.11. Let G = G aut (B,ip) , where B is a finite dimensional C* -algebra with 
S-trace ip. If dim B > 8, then 



lim $ n (x) = h(x)l Cr(G ) (x € C r (G)). 

n— >oo 
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Proof. First observe that it is sufficient to prove this result for xq belonging to the dense 
Hopf *-subalgebra A(C a i g (G)) C C r (G). To verify this claim, assume the above proposition 
is true for all xq G A(C a i g (G)). Let x G C r (G) and e > be arbitrary, and choose a G C a i g (G) 
such that Xq = A(a) satisfies ||x — x || < e. If we apply the triangle inequality to the norm 
of $ n (x) — h(x)l, we obtain 

limsup — /i(a;)l|| 

71— >00 

< lim sup (||$ n (x - x )|| + ||$ n (x ) - h{x )l\\ + \h(x - x)\) < 2e. 

71— >O0 

This proves the claim, since x and e were arbitrary 

Now take a G C a i g (G) and consider xq = A (a). Since a G C a i g (G), there is an r > 
such that xo G ®fc =0 A(Cfc(G)), where Cfc(G) is the subspace of C a i g (G) spanned by 
the matrix elements of the irreducible representation U k . Now let n G N and consider 
$ n (x ) - h(x )l = $ n (x - h{x )l), which evidently belongs to ©S"A(C fc (G)). Writing 
$ n (x — h(x )l) = J^fcii" M z k) with z k G Cfc(G) and using property RD (Theorem 14. lUj) . we 
obtain 

r+2n r+2n 

\\^{x,)-h{x )l\\ Cr{G) < X)||A(^)|| Cr(G) < j3 (2fc + 1)1^^)11^(6) 

k=l k=l 
r+2n 1 , 2 

< (2r + 4n + l)V^+2^(X; IIM^)II^(G)) 

fc=i 

= (2r + 4n + l)VF+2^||$"(A h (a - /i(a)l)) \\ LHG ) 

< (2r + 4n + l)VF+2^||$|c# || n ||A h (a - %)1)|U 2(G) . 

Now assume that 5 = V dim B > y/S. From ( 15. 7ft and Lemma l5T9| it follows that T*T\ C ^± > 
[3} q f(5) 2 id C £± and therefore 




Since f(y/8) « 0.1111, ||$| c ^|| < (l - l/X^) 2 ) < 1, which gives 
limsup ||$ n (x ) - h(x )l\\ Cr (G) 

n— >oo 

< lim (2r + An + l)VF+2^(l - ~/(V8) 2 ) n ||A h (a - %)1)|| L 2 (G) = 0. 

n— »oo V Z / 

□ 

Simplicity and uniqueness of trace for C r (G) are now immediate consequences (as long as 
dim£ > 8). 

Corollary 5.12. Let be the 5-trace on a finite dimensional C* -algebra B and let G = 
G au t{B,ifj). If dim B > 8, then C r (G) is simple with unique trace. 

Proof. Let X C C r (G) be a non-zero closed two-sided ideal and let a G X be such that 
h(a) 0. Then by Proposition 15.111 h(a)l = lim^oo $ n (a) G X. Therefore X = C r (G) and 
C r (G) is simple. 
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Now let r be any tracial state on C r (G). Since $ n is r-preserving for each n G N, we have 
t{x) = lim r($ n (x)) = r{h{x)l) = h(x) (x e C r (G)). 

n— ¥00 

□ 

6. The Structure of L°°(G aut {M n {C),tr)) 

In this short section we restrict our attention to the special case where B = M n (C) and 
consider the quantum groups G„ := G aut (M n (C), tr). Our goal is to show that the von 
Neumann algebras L°°(G n ) (n > 3) can be realized as subfactors of other compact quantum 
group von Neumann algebras. We then compute the Jones index of these inclusions and point 
out some easy consequences of these results. All of the basic terminology on subfactors used 
here can be found in the book [23] . 

For each n > 2, let 0+ = (C u (0+), A Q +) and U+ = (C U (U+), A v +) denote the free unitary 
and free orthogonal quantum groups (of dimension n), respectively. These quantum groups 
were introduced by Wang [34J and are defined in terms of their universal C*-algebras as 
follows: 

C U {U^) = C* (^{uij}i<i,j<n | U = [uij] & U = [u*j] are both unitary matrices j , 

C u (0^) = C* ({vij}i<ij< n | V = [vij] is an orthogonal matrix j . 

The factoriality of the von Neumann algebras L°°(U^) and L°°(0+) was studied by Banica 
[2] (in the unitary case) and Vaes and Vergnioux [32J (in the orthogonal case). It is known 
that L°°(U^) is always a Ili-factor and that L°°(0+) is a Ilx-factor if and only if n > 3. 

Now let {ei,j}i<i,j<n be a system of matrix units for M n (C) and let 6y = y/ne it j. Then 
{bij}i<ij< n is an orthonormal basis for H = L 2 (M n (C), tr), and using this basis we can write 
the fundamental representation W of G n on H as the matrix W = [w i j]. In [3], Corollary 
4.1, Banica proved the following structure result for the quantum groups G n . 

Theorem 6.1. Consider the Hopf C* -algebra 

A = C* (y^vu : 1 < i, j, k, I < n) c C u (0+) 

generated by the matrix elements of the representation V m of 0+ ■ Then for each n > 2, 
there is an isomorphism of universal quantum groups 

^ : (C u (G n ), A Gn ) -> (A, A +) given by ^(w^) = v ik Vji (1 < i,j,k,l < n). 

Using the uniqueness of Haar states, it easily follows that h Q + o \1> = /i Gn and therefore \l/ 
induces an isomorphism at the level of reduced von Neumann algebras. More precisely, we 
have L°°(G n ) ^ 2Vi C L°°(0+), where 

N 1 = {\(v ik v jl ) : l<i,J,M<n}"cr(0,:). 

It is also possible to realize L°°(G n ) as a von Neumann subalgebra of L°° (£/+). To see this, 
we use the following trace-preserving embedding proved in [2]: 

L°°{U+) (L°°(T) * rcd L°°(0+), r * rcd h ot )- \{u i3 ) ^ z\{vij) (1 <i,j<n). 
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Here r is the Haar state on L°°(T) and z = idj is the canonical unitary generator of L°°(T) 
which is *-free from L°°(0+). Using this embedding and the previous isomorphism L°°(G n ) = 
N 1} it is easy to see that L°°(G n ) = N 2 C L°°(U+), where 

N 2 = {X(u* kUjl ) : Ky'.M^rcqP:). 

In the following theorem we identify L°°(G n ) with the von Neumann subalgebras N\ C 
and N 2 C L°° (17+) , respectively 

Theorem 6.2. For each n > 3, L°°(G n ) is an index 2 subf actor of L°°(0^) and an infinite 
index subf actor of L°°([/+). 

Proof. Observe that when n > 3, L°°(G n ) is indeed a subfactor of L°°(0+) and L°°(i7+) by 
Theorem 15.11 

We first consider the index calculation in the orthogonal case. Since the inclusion L°°(G n ) C 
L°°(0+) is proper, the index [L°°(0+) : L°°(G n )} must be at least 2 by [23j, Corollaries 3.1.4- 
3.1.5. To get the reverse inequality let E : L°°(0+) — > L°°(G n ) be the unique faithful normal 
trace-preserving conditional expectation. We recall the Pimsner-Popa inequality ([23], The- 
orem 5.1.3), which says that the index is given by 

[L°°(0+) : L°°(G n )] = (sup{r > | E{x) >rx\/x> 0})" 1 . 

It follows from the universal property of C n (0+) that there exists a Haar trace-preserving 
^-automorphism <£> : C u (0+) — > C u (0+) given by $(%) = — %• (1 < i,j < n). Since $ is 
obviously Haar- invariant, $ extends to a normal ^-automorphism of L°°(0+) (also denoted 
by $), such that $(A(t>jj)) = — A(Wy) (1 <i,j< n). It is clear from the definition of $ that 
$ fixes L°°(G n ) pointwise and from this we easily conclude that E(x) = 2~ 1 [x + $(a;)] for 
each x E L°°(0+). Using this formula for E, it follows that E(x) > 2~ 1 x for each x > and 
therefore the Pimsner-Popa inequality yields [L°°(0+) : L°°(G n )] < 2. 

Now consider the unitary case. Note that by [23J, Proposition 2.26, it suffices to find an 
infinite family {H k } k >i of non-trivial pairwise orthogonal L°°(G ri )-submodules of L 2 ([/+). 
For each k > 1, define 

H k = spEa{A h (xzX( y v i(1)j{1) ) . . . zX(v i(k)j{k) )) : x E L°°(G n ), i,j : [fc] -»■ [n]} C £ 2 (£/"+)- 

Each iffc is evidently a non-trivial L°°(G n )-submodule of L 2 (U^), so to complete the proof, 
we just need to show that H k _L H k > for 7^ A;'. To verify this, take k 7^ k', rj = 
A h (xz\(v i{1)j{1) ) . . ■ z\(v mj{k) )) E H k , £ = A /l (x / 2;A(^(i) i ' (1) ) ...^A(fi/( fe ')i'(fe'))) e Hfc' and 
consider the inner product Since z E L°°(T) is *-free from L°°(0+), we can use the 

free moment-cumulant formula (see [27], Theorem 14.4) to expand (rf\^) as 

= h(\(Vi(k)j( k ))z* . . . \{v i (x)j{l))z*X*x'z\(v V Q)j'{l)) ■ ■ ■ zK v i'(k')j'(k'))) 

ntNC(k+k') ktimes fc' times 

where re^f-] denotes the free cumulant functional associated to 7r G NC(k + fc') and is 
some constant whose exact value does not concern us. Now, since z is a Haar unitary and 
k 7^ k', we can use [27] , Proposition 15.1, to observe that K n [ z* , z* , . . . z*^ , z, z,^ . . zj = for 

k times k' times 

all 7T G NC(k + fc'). Therefore (r/|f) = 0. □ 
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6.1. Applications. By a well known result of Goldman [21], index 2 inclusions of Ili-factors 
are particularly well understood. If N C M is an inclusion of Ili-factors with index [M : N] = 
2, then there exists an action of Z2 on N by outer automorphisms such that M = N x Z2. 
The following result is therefore an immediate consequence of Theorem 16.21 

Corollary 6.3. For each n > 3, there is an outer action of Z2 on L°°(G n ) such that 
L°°(0+)^L°°(G n )xZ 2 . 

Recall that a von Neumann algebra M is solid if for any diffuse von Neumann subalgebra 
A C M, the relative commutant A' fl M is injective. Recall that a Ili-factor M is prime 
if for every tensor product decomposition M = Mi®M 2l either M\ or M 2 must be finite 
dimensional. In [28], Proposition 2, Ozawa showed that a subfactor of a solid factor is again 
solid, and that a solid factor is prime unless it is injective. On the other hand, it was shown 
by Vaes and Vergnioux ([32], Theorem 7.1) that L°°(0+) is a solid Ili-factor when n > 3. 
Since L°°(G n ) is non-injective for n > 3, the following result is an immediate consequence 
of the above discussion and Theorem 16.21 

Corollary 6.4. For each n > 3, L°°(G n ) is a solid and prime. 

Of course, a natural conjecture is that L°°(G) is solid for all G = G aut (B, ijj) with dim B > 
5. This, however, remains an open question at this time. 

7. Appendix - Proof of Theorem 15.41 

In this section we prove Theorem 15.41 We will freely use the notation and assumptions of 
Section 15.11 



Proof of Theorem 5.J^, We can write the commutator map T : L 2 (G) — > Hi © L 2 (G) © Hi as 
the sum T = T\— T r , where T t = Y^i)=i ® ^( u ij) ® e « i s the part of T corresponding to 
the left action of {\(u}j)}fj =1 on L 2 (G) and — T r is the remaining part of T corresponding 
to the right action of {A(«y>S=i 011 L 2 {G). Observe that T£ = T£ - T r £ = 0. 

In terms of matrix elements of irreducible representations of G, the map TJ (respectively 
T r ) corresponds to the operation of tensoring on the left (respectively on the right) by U l . 
Since U 1 MU k = U k+1 © U k © U^ 1 = U k M U 1 for all k > 1, we can uniquely decompose T t 
and T r as the sums T^ r = XL=o ±1 7]^, where 

T^Co = lf;% = 0, T/ +1) £ = T r ( +1 )e = ^ F iej © A«-)£o ® e,, 

and 

Tff :Ll(G)^Hi®L 2 k+a (G)®Hi is given by | i|(G) = P fc+Q T ? , r | L|(G) (k > 1). 
Setting := —Tr a \ we obtain the decomposition T = =o ±1 stated in Theorem 

El 

To verify the expressions for T^ a ' given by Theorem 15.41 fix k > 1, £, 77 e and consider 
the matrix element A((c^ © id)[/ fc )£ = A/ l ((a; 77 ^ © id)U k ) G ^(G). Since 



a=0,±l a=0,±l 
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is a unitary intertwiner, it follows that 

d a 

7j (A ((u;„,{ ® id)U k )£ ) = ^ F i e i ® A(^-(a;^ <g> id)[/ fc )£ ® ^ 

di 

= F i e J ® ^(K, %ej ^ ® id)(f/ 1 B f/ fc ))£ ® e, 

di 

= E £ F ^® A (H^ 

a=0,±l i,j=l 



Therefore 

di 

T/ a) (A(K c ® id)t/%) = E F iej ® ACCw^,^^.^^ (8 id)C/^)e ® e,, 
and similarly 

T(«)(A(K, ® id)C/%) = £ Fxe, ® ACCa;^.^,^^.^ ® id)l/**% ® e, 

m'=i 

In the following calculations, we freely use the identities given in Remarks 13.61 and 15. 5[ the 
unitary isomorphisms 

L 2 k {G) = H k ®H k] A((a;^«)id)C/ fe )eo^e® {l®rf)hk (t,V £ H k ,k > 0), 
given by (12.31) . as well as the identities 

d\ di di 

E ^ ® e i = E *i*W>* ®e J = J2 f?*J ® e* = [3]f* 2 , 

(Px ® Py)Px+y = Px+y = Px+y(Px ® P y ) 0, y G N). 

Now, with A; > 1 and £, 77 G fixed as above, we can compute 

t/ +1) (a(k ? ® id)c/%) = ® (i ® ^)t 2fc ) 

di di 

= E Fie ^' ® (^+i,i)*( e i ® ® E^ 1 ® ® ^)4+ 1 i)W2 ® e i5 
J=l 1=1 



where 



di 

E F ^ ® faki/fe ® = (la ® ( E F ^ ® e i ® * 



[3]; /2 (i 2 ® (^+ 1 1 ) iI r)(t 2 ®e) = [3]; /2 (i 2 ®p 2fc+ 2(P2®P2 fc ))(t2®o 
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and 

di 

5^(1 ® (e* ® ^)0^)t 2 fc+ 2 ® ei = (l 2fc+2 (8) 1 2 ® r?*)(l 2fc+2 <g> 4+i,i))*2fc+2 
i=i 

= (l 2 fc+2 ® 1 2 ® ??*)(l 2 fc+2 ® P2 ® P2k)hk+2 

■[2fe + l] g [3] ff \Va. 



[2Jfe + 3] 



9 



(l 2fc+2 ® 1 2 ® r]*)(p 2k +2 ® P 2 ® P2k)(hk ® t 2 ® hk)t 



2k 



(l 2fc+2 ® 1 2 (8) ^)(l 2 fe+ 2 ® W 2 )(0fr 1) ® = ^(^fc ® 7 7*)*: 



2fc- 



Therefore 



t/+% ® (l ® v*)t 2 k) = (jl^l;) 172 ^ ® ® (i ® ^)t 2fc ). 



Next, 



r/ 0) (£ r]*)t 2k ) = Fiej ® ® ® ® (e* ® ^)<J)t 2fc ® e, 



where 



E Fie ^' ® ® o = ® (4°J)*) ( E ® e ^ £ 

i=i i=i 

= [3]f (ft®(^n(t a ®o 

[31 [2jfcl \V 2 

M (p2®P2fc(Tn®l2fc-2)(p2®P2fc))(fe®0 
(?2 ® P2fc(™ ® l2fc-2))(*2 ® 
(?2 ® P2fc(™ ® l 2 fc- 2 ))(m*l/ ® l2fe)C 

(P2 ® p 2 fc) (1 2 ® m <g) l 2 fc_ 2 ) (to* ® l 2fc ) ® l 2 fc)£ 
(p 2 ® P 2 fc) (m*m <g> l 2fe _ 2 ) {v <g> l 2fc )£ (cf. Remark [32} 



[2fc + 2], 
[3]„[2*] fl \V> 



[2fc + 2], 

[2fc], y/2 



[2fc + 2], 
[2fc], \V 2 



[2fe + 2], 

[2fc] g y 2 

[2k + 2] 



^ ^'\ P 2 ® P2fc)K ® l 2fe - 2 )£ = 



[2fc + 2] 



and 



E£i(l ® ( e * ® ri*)4> { S)t 2k ® e* = (l 2fc ® 1 2 ® 77*)(l 2fc <g> </>g)t 



2 fc 



= (l 2 fc ® 1 2 ® V*)m'r ® l2fc)*2fc = 0fe,r(l2* ® ^*)*2fe- 

The second last equality above follows because both of the isometries {($\ ® l2k)hk and 
(l 2 fe ® <fi^})t2k live in the one-dimensional space Mor(l, U h MU 1 M U h ) and therefore (l 2 fc £g> 
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<f>k})t2k = z(0fc°r ® hk)hk for some 2 G T. But then 

_ *2fc( 1 2fe-2 8)771® l 2 fc)(l2fc ® P2 ® l 2 fc)(l 2 fc <8> m* <g> l 2 fc- 2 )t 2 fc 



« = ^((0S)*®la)(l»®^S)ts 
[2*], , 



[2fc + 2], 
[2jfcl 

: " £ 2 fc(l 2 fc- 2 ®7n® l 2jfc )(l 2fc ® (U ~ VV*) ® l 2k )(Uk ® ™* ® l 2k -2)t2k 



[2k + 2]g 

^2fc( 1 2fc-2 ® 771* m ® l 2 fc- 2 )£ 2 fc ~ ^fc^fc 



[2*], 



[2fc + 2], 

[2k] q f [2] q [2k+l] q \ 
[2fc + 2] 9 V [2A;] 9 / 



1 /9 

where in the last line we have used (l 2 fc_ 2 ® 771 Cg> l 2 fc_ 2 )£ 2 £; = ([2] g [2fc + l^^fe]" 1 ) £ 2 fc-i- 

Therefore t/ 0) (£ ® (1 ® 77*)%) = (</>jg ® 4?) (£ ® (1 ® *7*)*2k)- 
Next, 

r/- X) (£ ® (1 ® r/*)t 2fe ) = X] F l e 3 ® (^ > fc- 1 i)*( e 7 ® ® X^ 1 ® « ® ^4-1,^-2 ® 6i, 

where 

£ Fie, ® (4^)*(e, ® = (I2 ® (4-?/)*) ( E ® ® ^ 



i=i i=i 



[3] ? /2 (i 2 ®(0*)(*2®e) 

[3] 2 q [2k - l^V 2 



[2fc + 1], 
[3B2*-lUi/a 



(12 ® P2k~2(t* 2 <g> I 2 fe-2)(P2 ®P2k))(t2 ® 



(P2 ® P2fc-2) (12 ® *2 ® 1 2fc-2) (*2 ® l2k)f 



[2fc + 1], 

The second last equality follows from the equality (1 2 ® #2) (£2 ® I2) = *p 2 , which is easily 
verified using equation (13.71) . Also, 

E(! ® (ej ® 7/*)4+ 1 1 ) )i )i 2fc -2 ® ej = (l 2fc - 2 ® 1 2 ® 77*)(l 2fc - 2 ® </4+i,z)*2fc-2 
1=1 

'[3] 9 [2fc- lj^i/a, 



[2fc + 1] 4 



(l 2fc _ 2 ® 1 2 ® V*)(P2k~2 ® P2 ® P 2 fc)(l 2 fc- 2 ® ^2 ® l 2 fc- 2 )£ 2 fc- 



2 



/ [31 \2k — 1] \ V 2 

{hk-2 ® 12 ® 7/*)(p 2fc _ 2 ® p 2 ® l 2fc ) ^ 9 (l 2 fc <g> p 2 fc)(l 2 fe_2 ® ^2 ® l 2 fc- 2 )£ 2 fe-2 

V [2ft + ljg / 



(hk ® ® ^fc)^ = 4, r 1) (l2fc ® V*)hk- 
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Therefore T^it ® (1 ® iflf») = (^^^{^ ® <t>k?)tt ® (1 ® if)**)- 
Let us now consider T r = ^2 a=0 ±1 T^- 

T r < +1 >(£ ® (1 ® T)*)hk) = F ^ (^+l,r)*(^ ^ (^ O^r) W2 ® ^ 

3=1 i=l 



where 



Fie S ® ® e,-) = (1 2 ® (0^)*) ( E F ^ £ e ^') 

j'=i 

[3]J /2 ^((^i,r)* ^) (f ® fc) = [3] J /2 a(p 2fc+2 (p 2fc ® p 2 ) ® l 2 )(l 2fc ® t 2 )£ 

gfc + 3], 
[2k + 1], 



i=i j=i 
d-i) \* 

'k+l,r> 

[3iyv(p 2fe+2 ® P2 ){i 2k ® t 2 )e = (f^f) 172 ^ 1 ^, 



and 



E(l ® fa* ® e-)0fc+i, r )*2fc+2 ® ei = (l 2fc+2 ® v* ® l 2 )(l2fc+2 ® ^+ 1 i ) , r )* 2fc + 2 
i=i 

= (l2fe+2 ® ?7* ® l 2 )(l 2 fc+2 ® fa 2 fc ® P2)P2k+2)hk+2 

= ( r 2fc + gl 9 ) ( 1 2fe+2 ® ?7* ® l 2 )(P2fc+2 ® (P2fc ®P2)P2fe+2)(E e J l2fc ® l2fe ^l e j)*2* 
= ( [2fc^ 3^ ) 7 ( X 2fc+2 ® ^* ® l2)(P2fe+2 ® l2fc+ 2 )(E e J l2fc<g) ^fc® -Fiej)*2k 



= ( [afc + 3] g ) a * ^ h l2fc+2 ( l2 ® i 2 fc) ( E Fie J e J l2fe l2fc ) t2fc 



[2fc + 3], 

[2fc+ l] c 
[2fc + 3] £ . 

Sj§|^i) 1/2 ^(1 2 ® p 2fc+2 )(t 2 ® 1» ® T7*)t» 
[3],[2fc + l],\V2 



|"2j^ — |— X] 1/2 ^ 
= ( | 2 fc + 3i ) a *^ 2 P2fc+2 ) ( E Fie ^' l2fe ^*) t2fc 



= ( [ Jg ) ^(1 2 ® p 2fc+2 )(t 2 ® l2*)(l* ® i7*)*2* = °*^i\{Uk ® T7*)t»). 

1 /2 

Therefore T r (+1) (£ ® (1 ® if)**) = fa^ ® a*^) (£ ® (1 ® r/*)^). 

Next, 



T r (°)(e ® (1 (8) 77*)*2fc) = (1 2 ® $ e ( l2fc ^* l2 )( l2fc 

i=i 
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where 

di 



(h ® (<©*) ( F ^ ® * ® e i) = [ 3 ]f ff ((<)* ® ^ ® *2) 

J'=l 

= [3]; /2 (p|^) 1/2 a(p 2fc (l 2fe _ 2 ® m)(p 2fe ®p 2 ) <g) l 2 )(£<g> i 2 ) 

= [3]J /2 ( [ 2 fc 2 + 2] ) V2a(p2fc m l2 )( l2fe ^ 

o"(P2fe ® P2)(hk-2 ® m <g> l 2 )(l 2fc <g> 1 2 <g> p 2 )(l 2fc ® m*)(l 2 fc ® f)f 

cr(p2/c ®£>2)(l2fc-2 <8> m <8> l2)(l2fc <8> m*)(l 2 fc <8> f)£ 



J?' 

[2fc], y/ 2 



[2fc + 2] 5 

[2fc] 5 y/ 2 



[2fc + 2], 

[2k] q y/ 2 



Using the fact that 

pf(l 2 ® m*)t 2 = [3]J /2 pf (1 2 <g> m*)m*is = [3]J /2 pf 3 (m* ® l 2 )mV = pf(m* <g) 1 2 )* 2 , 
we also have 

(l 2fc ®?7*® l 2 )(l 2fc ®0^)t 



(l 2 fc ® ?7* ® l2)(P2* ® G»2fc ®P2)(l2fe-2 ® m*))t 2k 

(P2k <S> V* ®P2)(hk ® hk-2 <S> m*)(l 2 <S> t 2k _ 2 <S> h)t 2 



y /2 

[2fc + 2],/ 

[3] q [2fc] q [2fc-l] g y/2 
[2fc + 2],[2fc + l],/ 

= ( [2^+ 2U2fc + if, ) V2 (P2fc ^ V * ® P2)(l2 ® t2fc " 2 ® 12 ® l2)(l2 ^ 

= ( [ 2l + 2] g pfc+ 1 j g ) 1/2(p2fc V * ® P2)(l2 ® t2fc " 2 ® 12 ® l2)K ® la) ' 2 
[31 [2fcl [2A; — 11 \ V 2 

, T ro; , Tf ^*(P2 ® P2fc ® r/*)(l 2 ® 1 2 ® *2fc-2 ® 1 2 )(1 2 ® m*)t 2 

[2/c + 2J g [2/c + 1J ? / 
[3],[2fc],[2fc-l],\V2 



[2fc + 2],[2fc + l], 
[3] q [2fc]j2A:-l] g y/2 
[2A; + 2] g [2A; + 1], 

[2fc], y/ 2 



[2fe + 2], 

[2fc], y/ 2 



V[2A; + 2] g 



o-*(p 2 ® p 2fc ® 77*)(1 2 ® h ® hk-2 ® h)(m* ® l 2 )t 2 
a* (p 2 ® P2k ® rf){m* ® l 4 fe- 2 ) (I2 ® ^-2 ® 1 2 )*2 
o*(p 2 ®p 2k ® rf){m* ® Uk-2)hk 
a* "(p 2 ® P2k)(m* ® l 2 fc-2)(l2fc ® ??*)t2fe 
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Therefore T r (0) (£ ® (1 <g> V *)t 2k ) = (a<j>^ ® a*^})^ ® (l 2fe ® »7%k)- 
Finally, 



Tj- 1 )^ (8>(l(8>77*)*2fc) 

= (h ® (^fctiV)*) ( £ Fie J ^ e J") ( l2fc - 2 ^ ® h){hk-2 ® 0t 1 i ) , r )*2fc-2, 

where 

(12 ® (*£¥,)*) ( E ^ * e i) = [ 3 ]f ^((^i-t)* *2) 

= [3]f ( [3 ^^ 1/2 ^(P2 fc - 2 (l 2fc -2 ® ^(pa ® P 2 ) ® 1 2 )(£® fc) 

= [3]f ( [3 ^^]) lg ) 1/2 ^(P2 fc - 2 (l 2fc -2 (8) f 2 ) ® l 2 )(l 2fc ®* 2 )£ 
= [3]f ( [3 j^~ 1]g ) V V(p 2fe -2 ® l 2 )(la-2 ® *S ® l2)(la ® 

= (|^) 1/2 ^- ^= (|lTl];) 1/2(7 ^ ( usin g PI," 1 = l2)(l2®* 2 )), 
and 

(l 2 fc-2 ® //* ® l 2 )(l 2 fc-2 ® 0fct 1 i ) , r )*2fc-2 

= ( ^^"^^ ^(^fc^ ® V* ® l 2 )(l 2 fc-2 ® (P2fe ® P2)(l 2 fc-2 ® t 2 )p2k-2)t 2 k-2 

( [31 [2fc — ll \ V 2 

= ( [2fc+ 1] j ^ P2)(l 2 fc-2 ® l 2 fc-2 ® * 2 )*2Jfe-2 

= V2(7 *(P2 ® P2fc-2 ® 77*)(l2 ® t 2 fe-2 ® U)t2 

= (J*(P2 ® P2fc-2 ® ?/%fc = <T*0fc7l 1) ( 1 2fc ® 7 ?*) t 2fe- 

1 /2 

Therefore T r (_1) (£<g)(l<g)?7*)i 2fc ) = (^^ > £7 r 1) <S> cr* <^£~ 1} ) (g) ( 1 (8) 77* ) i 2fc ) . The theorem 

now follows. 

□ 
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